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A SI="GLE SAMPLE PATH-BASED PERFORMANCE 
SENSITIVITY FORMULA FOR MARKOV CHAINS 

Xi-R.ell Cao~ Xue-Ming Yuallf Li Qiu 

The Hong ['i."ong University of Science and Technology 

Clear Water Bay, I(owloon, Hong KOTlg 

Abst.ract.: \\/ith a :'lample path approach, a new formula is d~rived for performance 
sensitivit.ies of discrete-time Markov chaiui:l. A dii:lt.1llguLi:lhed feat.ure of t.his formula is 
t.hat the qU{l.nt.il.iel' im/olved call be est.imat.ed by analyzing a single sample path of a 
Markov dla.in. Thlls. t.he formula creates a new direct.ion for ~ensitivit.y analysis and 
call he vie-wed CL~ Clll ('xt.f!llsioll of the perturbat.ion l'eali;wt.ioll t.heory. 

l{t"ywords: Pert.mbation analysis, sensitivity analysis, Lyapunov equation, realization, 
pf'rfOrnlanc(' ('v(liuation. 

1. INTROlll TT[ON 

III t.his paper , a new formula is derived for performance 
sensitivit.if's of discrdt'--tinw Markov chains (for simplic
ity, t.he t.erm Markov chain is used hereafter). A sample
path approa.ch is us(~d, i.f'., by a sa.mple path, t.o de
t.crlllinl' thl' pcrfonllallcc chclllgCS d LI(' Lo cl change in 
the transition probability ruatrix. The formula shows 
that the derivat.ive of a performance measure equals t.he 
weighted sum of tlw expect.f'd vaiw" of a quantity, called 
Cl. (ta/tz(l/wll Jaclur, t.haL IlwaSllrCS ~ he average perfor
mance change WhCll t.he t\'larkO\ cilaJ n changes from one 
:st.R.tf' to anot.hn: t.1H' realization fadors can be det.er
mined by :-:olving a skew-symllwt.ri(" L,vapunov equation, 
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T.:-r..:hllo[ogy. 

Furthermore, these realization factors can be estimated 
by RllaJyzing a ::;ingle sample pat.h obtained from simu
lat.ion or a ['Pcoru of a real s) stem, 

The formula. pl'Ovidrs a new perspective to the sensi
tivit.y analysis of l\:larkov chains. It ShOl,\'S that a sin
gle samplE' path cont.ains all rhe informat.ion needed for 
determining tht' performance s('llt=;itivlties in a l'vlarkov 
chaiH. The approa.ch can be viewed as an extension of 
the reaiizatioll lhcory (Cao,1987, 1994) in intinitesimal 
perturbation analysis (IPA) (Glasserman, 1991; Ho and 
Cao, 1991) to t.he ca.'3e witerp a small change may induce 
a larg~' eha.ngf' in the sampJe palh. This work wa:s moti
vat.ed by a }'PCf!lIt work of Dai and Ho (Hl94) and can be
consIdered as a tIH'ol'et.ical jlJ...;tificatioll of t.he algorithm 
in Dai ([1)\).1). 

The formula_ ca.n be easily generali:;o:ed to continuous
time Markov dlainf;. Siuce\iarkov chain is the rmtill 
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model for !HallY ~t.o(' h astic systf'rns s uch ;Hi q ueueing sys

t.f'I1lS , the formul a df'vdop~d here may have ~n impact ill 
ot.h~r fie lds . csp(>(' iall y in t.he field o f ~inglf':-sample-paLh 

based sell s itivit.y ana-Jysi!i and pt'rforl ll .m ce optimizal-ioll . 

The papCl' is orga uized i'lS fo llows . Sedio ll 2 i nt rodllcf!~ 

tbr basic concept s derived frotH a sample path point of 
vie,,\,. The simplc!::it. hilt tht" fUlldamenLal case is con
s idf:'rtxl. whcn' one t.ransition prohabilit y increases and 
allot-her I.ransitio n pJ'obahllity df'cre as(>~ by the same 
aUIOUlIt. . This set.~ t . i()n shows how 1.11<-' sensit ivity formula 
n Ul be rkri\'ed by us iug intuit.io n . Sf!(:t ion ~ provides a 
rigorous proof for t. he gent'ral result s where the Lransi
t.io n matrix chauge . .., a rbit.rari ly wi t.h in t.he coustraint. of 
a ::;tochast ie Jlw,t.l'ix . rl'!w fUlldanwllt al ('~e discussed in 
S0ction 1 henHue:-:;'! ~p('('ial ("t."W. S('( ·l.i oIl4 di sc llsses t.he 
implicaJion of I.IH' I' f Sld!'.s. 

1. T HE BASIC (,O\i('F:PTS 

In t.his section, l h (> performall ce scw::ii1,ivi t.y formula is 
d erived by using iULui t ion. A sampl e-path argument is 
used. TIlt' basic rDlh'ept.s ill this appftla.<.:b are intro
duced. The ri ~()I'(JtJs proof of the formu la and other 
f{:::>ult~ will 1)(' prnvid f'd ill th e next. S("cLioll. 

COJls ider a ll irrffiud hlf' alld apl' riodi<.· Markov r_hain 
X {.\' II; U ~ 0) on a tilli!.( ' st·i:lte space f = 
{L 2, .. " .'\4} wit.h t.ransit.ioll probabilir,y matrix P = 
[pi .;]f;ll.t~l' The M<trkov chaill is de fi ned on a probabil
ity space (ll, F, 1') . 

A f\:larkov chain is said t.o he n 'oth:ihk , jf by renumber 
ing t.he lj(aLf>s of ,.he M.,.rkm' chaill , P can he rewritten 
(IS t. he' follmvill g fo rm : 

(6 ~), 
with 0 denoting a IlHl.l.rix whosp f'1f'ments are all zeros. 
If Q = O. (,hen t.lw j\'1arkov ('haill (·a.n be de('omposed 
In t.o t.wo (01' l1lor~ , ir P I and I'',! ,-t/'( ' furth er reducible) 
s lll.all iudqJt"lIdellt Markov c il a ill s witl. P I a nd PI a.o;; 

t. heir t.ransitio n 1IH1. L rice~ . If () f. O. then in st.r.arly
st.nt.C'. 1.1)(' rVlarkov dlain ('a l.lllo l: vis it. t.he states corre
spond ing 10 P1 , ",nd t.he f\.·1arkov dlain is equivalent to 
a ::;ub-Markov ('baiH \vit.h t.ransitioll matrix P2. Thus, 
the condition "irreducible" if> not restrictive. Next, if 
a,ll irreducible rVlarkov chain i.'l periodic, t. hen all the 
st.at.es have t.hp S ;HlH~ p~r i od ((:inlc\!', 1971) . Ho\Vev~r , 

if }Jl i -:j:. 0 for sorn~ ; , ,hen i it; flot pe riod ic. Therefore, 
a Markov cha in i:-5 apnio uie ir Pi. 1- () for som e i . For 
pract. ical :-;ysteHls lItod eled by cOlllilluOus- t illle Ma rkov 
clt rli us, it. 1~ ("~i':ly (·0 u h t <:Lill clll "ll1h(';:ldcd Markov chai rl 

witll Pii =/:. 0 , by simply in creasing the rate of sampling 
at sta t.f': 1:. Tberefore, the cond ition "aperiodic>' is also 
not re~j . ricti ve in practice. 

Let f r. --+ n, wher(' 'R, :-:: (- 00, 00) represents the 
space of n~al Iluluben:i, and 1r = (Jl'1,1r:.!.· ··, 7I'M) be 
th p. v(~ctor represf'lltillg t.he ;:;teady-statf! probability of 
{Xn ; 11. 2: D}. f is called n. pt.:lJormance /uu dio n.. 'fhp 
performa ll(,(" llleaSlIT(' is defined a.<; its expected valw' 
wi t h respt-'d. to rr: 

M 

I) = [;U) = L "dU) = " I , ( I) 
i:::l 

where 1 = (1(1),/(2) ,· ·· ,]'(M))'I' is a column vec
tor, and E denot.es t.h ~ ()xpe<~ ta.tion with respect to the 
steady :-;1 ate mCCl:mre. 7r. 

r'\ssume t.hat t.he trans ilio n Inalrix P is perturbed to 
pi = [Pij ]~; l lj'!:. I ' III Lhis SCCI io n , t.he mos t rundamental 
('a!)e is ('ollsifJ()fNI. wherf' 

i =J,) = s: 
i=/, j = t; 
other wi~:;e , 

(2) 

for som e arbitrarily fixed t . ,~ . t E £, and any small real 
number i5 E (0, P/~ ] . ' ['he M<I-rkov dlaill with transit.ion 
matrix P' is d e'llo l,ed a.') X' -= { .. X:, ; n ~ O} . l.et. r. ' = 
(7r ~ I 11'~"'" rr;u) be the steady stat.r. prohahility of .\"' . 
The performance m easure o f X' is 

" 
I)' = 2:></(i) = ,,' r 

i =.1 

The d e ri vat. ive o f 1] with respect. to d is defined as 

1
- ,1' - 7] 
lm--'-. 

,~ -+o 0 
(3) 

Of c.,:OHf:':W, t.his derivat j \.' (,~ ca." be obt.aiued via *,. Our 

purpo:-:;e i:-; 1.0 derive a llo t.he r form ula. [or * based o n a 
snmplr.-pilt h approflr h . 

Cons ider a sample path of .Y with a finite lengt h, 
{ . ~\" t1 ; 0 :S; 11- < L}, ami ddiue a sample performance mea
sW'e 

J L-L 

ry,. = J; L f(Xn). (1) 
,, ;... 1) 

Since X i& irreducible, a pe riodic and finite~ it is ergodic 
(Ginl"' , 197 1) . Thus, 

,, = lilll 1]L a.s. 
f, ---.(XJ 
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T hat is , I) can be approxiJllfLt~d by 1}L provided [, is 
Ja rge (, Ilough . 

III s imllla t.ion . .\" j ' a ll tw g~n~ra lf.'d as follows. Let. 
eo, £'1, . . " ~J I ' .• bf' a sequenc(' o r i l ~dependent ra ndom 
var ia hles, each of 1.I1f'1ll is unifon nly (Iist.rihu l.ed on [0, 1). 
(~ i ven cUI.Yn = i . 11 = 0 , 1,'2.· (L-:osign >'"71+ 1 = j, 
j = 1,2,· ... M.ii" 

.1-1 

LPik 
k ::: l 

) 

~ ell < L JJik, 
1.' ::: 1 

(5) 

(by cOllvent.io n . L~=l P ik == 0). [n t.hi s sett ing , the prob
ahili ty space is!l = [0 , 1)1. , :F is I.h., Florel !ield on the 
hYP('f('uhf', and P i ~ t. lw LeiJf"'Sp;Il f' ll1 ~asure . 

SUppOSf' P r;banget' to P'. Lf't. us !" \'alu ate t he erred of 
~mch a cha nge 0 11 a scUl lp 1f! patb . Assume that because of 
t. he change t.he sampl(' path f X'I; 0 ~ u < L} changes (0 

{X:t : 0 ~ H < L}. To ('slimate I,ll(' performance change, 
t. he same ~Cq ll t~ IIU ' eo, f. l .' , f.n , ... m a.y be used to gell
t.'pd.(' X'. This corre:;ponus 1.0 l.Iw s imu lat io n technique 
o r ''(~ommon raudol ll 1Il1l11lwrs" in e~tim at.ing the differ
('11('(' of two r an do1l1 \,(l/"i a blcs (Bratl ~'y . et of., 1982), P' 
d ifff'fS fro m P by ' )lIl y two t.erlllS: tl;~ and P;t. Therefore , 
t he st.ate Ira n::o it ioJl o r y l ca n he del ermi ned by matrix 
P a nd (5} wit h (l. s lig ht rnodifil ~afion . Specifica lly, if (n 

sa t.isfiffl F») wil.h i i:- I o r j i s. I hf'1I 'Y~+ I = j (no 
dHl ngf'S). \,vhen i = Land j = 8 , Illl' I ra l) ::.itio n scherne 
is mo<iifi ('( I: 

In wo rds , t.h is 1l1eanS II lOv ing a pOrl io n o f 0 fro m s tate s 
10 stat.e t. O bvious ly, I. tH!. l. ra ll s itioll !:' t hus genera ted arc 
consist.en! wit. h thE:' I rau:-:ii l io ll ma t ri x Ill . 

From the abovr di s(,lIssion, the st. at e! t ransit ion may 
ch allg(~ ollly whell t.hf! Markov (:hai ll i~ a t stat e l . Be
('a usc p;'. = PI.. - 6 and P~I ::::: Pu + c5 , some transitions in 
.Y from [1 0 S Iu;~y hl!('omt> t.rall :iit.io ll l5 in X' fro m [ to 1. 
Tt. is obviously I.ha t wht'1I X is a l. s l.a l.l' I . t h(' p roba bili1.y 
of such t. r<'tH:) il.iOIl cha nges i:-; J 

Start.ing fl'ol11 t. he sa me initia.1 ~Lat.c. .Y a lld X' will be 
t. be same ill all in itial period; t.he 1,'· ... 0 ~ample pa t.h!:! may 
d iffe r onl:y after t he Ma rkov cbai(Js rl 'adJ !:ltate I a t, some 
t ime k , i .e ., S k = I and .Y[ :.= I: a t· I.j Jl"l~ 1-.- + I , it happens 
(hat. S "' +I = s alld X:'. + 1 = I . 

TIlt' eJTff l. of a ~ t. ct t, f-' cha nging frolll S to t o n a sample 
P Cd o fll lall ("(' IlIn t.-;UI"I ' r ail 1)(' ';I t-;ual iiwd a,s follows. For 

simplicil,y, renumber t.hE'! tinw indexes such tha t k + 1 ::: 
0, and r UII t. he Lwo Markov (: hains X and X' wi th XI) = ~ 

and X;, = l with t he same seq uence o r rauoom llumhcl"s. 
Let 

L 

h = Lf(·Y,,) 
fl=fJ 

Th e effect of the change f rOI I] X ll = s t o Xb = t on t he 
sam ple performance Il JeMUl"f' is refl ect.ed hy 

/. 

!)' F L = L(f(X~) - f( .\,,) ] 
n =1I 

with XLI::: S and X~::: t . 

Its expected val1l(, is d enot~d as 

L 

d; , = J:'(L[!(X:.) - f ( \',, )] IXo = s , Xh = t) , (6) 
n::: O 

where L is eonsidf'red as a very la rge number , X c volvN> 
accord ing to P alLd XI evo\vP'"l according to PI . It is easy 
to see t hat at some poiut. n ::: L· , X:l a.nd X rl may reach 
the sam r slate. i,e. , X/. " = X~ •. After th is poin t X~ 
ano Xn ".,.·ill behave s t atistiealJ y simila.rly. Th erefore, L 
iJl (G) call \1(' r(' pl ac.cct by r,· . i .e .. 

L' 

if;, = /O(L[J(X:.) - f (X,, )] IXo = s . X!) = t) . 
n=O 

Thus, t hl' dfecl of t.he <.:liallge from Xo = s to Xo = t 
0 11 performancc t.l'rmin a.tc~ when the chain rcachc~ r:. 

\Vith Lhe ahove ohservat ions . t he formula. for t.he deriva
t.i ve <.:an be oev i!;;('d . Among the L transitions 0 11 a sam

ple patl) {X": /, > " :2: O}. ),he Markov cha in X vis its 
s t a t(' 1, on the av~r a.ge, " 1ft t. imes. Recanse t hf' proha.bil
it.y t.h(Lt a transitio n from L to 8 \~ha.ng~s to " t.ra.l1sition 
from I t.o t is 0, 011 the sal11 ph~ path t.here are , on the a v
erage, L rrl(i times when stat.e s changes t o stat.e l. Each 
t imr t. he state chan ges from s to t , FL changes, on t he 
average, by th(' a.m ou nt d~ ( .. In addi t ion , because 0 call 
be chO$ell arbi t ra ril y sm all a nd L" is a lways filJi te, Lh~' 

proLabilit.y of t.wo cha llgc-s rrOIH s to t. occurr ing withill 
L· ~L at( · h a ll l"i i1.iom; ii':' of order 02 ami i!;; 11f.' l l t'C neglig i
ble. T hi:-. i mpli~ t. hat t he effect of each charl/~c ea u be 
treatco s(~ parat,('ly. T herefore . the t.ot.al chang~ of 1J d ue 
to th~ changf' or I) is 

6.q = ~~ I'l ::: ~{L 7ilod~ t} = rrl Jd~t. /, . / , 

Fina lly, 

(7) 
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In (7), 

I .• 

d .• , = 1O(2:)/IX:,) -/(X,,)]IX, =s.x~ =1), (8) 
11:::0 

where bot.h .\ and XI evolve according to P. 

The new formula (7) is obt.ained by IIsing a sample path 
argulllent. A mat,hcrnat.ical proof of the formula and the 
equations determining di.i' i.j E P, will be provided in 
the Iwxt ~cctioll. Tlw explanat iOIl ill this sectioll :showl:> 
t.hat the sample pat,b approach lIlay iCCld to new perspec
tives as wdl as Bf'W results. TIt<' tlwory is a counterpart 
of tiH' l'eaiii:at.ioll tlteory in pert.urbat.ion analysis (Cao, 
19SJ4; 110 aILd Ci-IO. 1991) ill t.he (,H8(-' where there are 
fiJlite challgcs in sa.mplE" pat.hs. 

:1. THE .\>IAIN IlESI'LTS 

In this section, the pcrfOI"l1lcLllCl ' sl'llsit.ivit.y forrnuia will 
be rigorou~ly est.ablished for til(' W':llcrai case where the 
transition 1I1at.rix changcs rtrhitrarily within the con
st.raint. of a s(,ocitast.ic matrix. 

S.l. The /-l('ah:wtlOlI .llatl·/.t 

Consider an irreducible aperiodLc rvla.rkov chain X, wit.it 
a transition mat.rix P and sLaLe space [. = {1 , 2, .. ·,liJ}. 
Let .\' bf' anothert\.:la.rkov chaiu. independent of X, 
\vitb the :-;alne st.a.te ~pac(' [. and the same trall:'lit.ion 
mal.rix r. AssultJe l.hilt. t.1lf' initial stat.f!S of both chains 
way be different .. XII = i. X/I = j. wit.h i,j E E. 

Define t';1 = (XIl.X:J, H = 0.1" Then j. 

{Yu, Y1 ,· . '. t'TI' ... } IS a Markov chaill , ... ·ith state space 
[. x [ alld l.rallsitiOll llIatrix P ' P (Ilw Krollecker prod
uct ,. 

Lenuna 1 }" is lr1'(xlunbk (lwl aperiodic, hence all the 
slate.., of Y a-/,(' recurrent 'Wfl-mdL '!'Iwl IS, the first 
or.,-it l/, tllIl(' frvm mly strife to (my olhe,. 8lalt IW!;J Cl ji7liit

m('WL 

Proof: For Irreducibility, it. sllffic(':-; to prove that the 
Markov cbain }' (all rpach any :-;taie (I., I) E £ x £ from 
any ot.her stat.e (i,j) Et X t with a positive probability. 
This is, however, obviolls. III fad, since' X is irreducible, 
the probability thaJ .\" reaches k from i in hI steps, 0", 

is positive; similarly , the prohf1bilit..\ that .. "(1 reaches I 
fmlll j ill 11'2 ~t.eps. If i~ also positiv('. Because X and X' 
are indq)(,lIdf'nt, t.he prohi:l.hiliL.v tltal t.he Markov chain 
Y reaches (k,t) from (i,j) ill 11.111'2 steps is 0:"2,811, > 
O. Thcrdof/', t.he ~"arkov chailL ). is irreducihle. It is 

aperiodic since Y and .X' are. Since [. x [. is finite. all 
the statf' .... arf! recurrent non-null ((;inlar, 1971). 

Let S = {( k. k) : k E£}. Let L' be the random variable 
such tha.t. at. n = L*, Y rc;tches S for the first time. 
From LellLma 1, E(L*) is finlt.e 

Definition 1 For I: £ -t 1<, dij = E12:::~:ol/(X:, )
f(Xn)]IX" = i, Xb = j), i,j = 1,2,· .. ,M, is called (l 

p€rtu1'butiofl 1"f,alizatioll factor; the 1I/.atTi.r TJ = [dij ] i,'? 
callt:d a l"t"ulizalioH matriJ;. 

The meaning of t.he perturbat.ion realization factor is as 
follows: Suppose that. a Markov chain is perturbed hy 
some reason such that the :-it-ate changes from i to j, 
This perturbation will affcc1. the system performance. 
The effect can 1)(' expressed .'IS 

E'{2:)/(X~) - IIX,,)]IX, = i, X~ =j} 
/1:::1) 

I .• 

E{Llf(X:. ) - 11·",,)]IXo = i, X~ = j) 
n:::() 

+ E{ L If(X:,)-f(Xn)]IXL'=X~,}, 
11_1.·+1 

The second term is zero. Therefore, d i j measures the 
average eff.,'ct of tlli:::; perturbation OIl the performance 
measure, This is in parallel to the theory for IPA (Cao. 
1987, W~)4). The pcrt.uriJat.il'll from i t.o j is 1'ealized at 
L+ on the sampk path. 

By definit.ioll, d}l = -dij. Tllat IS, 

DT = -D. 

Denote 

where c 
,"MY-M. 
I\,· • 

(1, L,···, l?, and define two subspaccs of 

u 
V 

{X E 'RAfxM : ;(1' = -X) 
'I' T "vI {CJ' -xc :,rER'}. 

Clearly, V C U, DE U , ""d I' E V. 

Theol'elll 1 Thf realization mal1'ix n i.5 tin: UTllq{le 50-
lutioll in 11 of Ih,- Lyapmwl' equation 

D-I'DPT = F. (9) 

Ji'urthenIl01'C. D E V. 
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Proof: First. let llS prove that f) satisfies (9). For any 
i,j Er, 

[, . 
1\(~)f(X;,)- fiX" )1 I.\'o = i,.\'b = j) 

n=() 

f(j) - f(i) + 
M M L· 

:L:L P(:L[J(.\';,)~ f(X,,)]1 
i'::lj'::\ n=1 

XI = i' . . \-; = /:1 
·P{.YI = i',.\"; =/1,\'1) = i,X~ =j} 

A1 M 

f(j) - !(i) + :L :L 1';;,pjj,di'J" 

i':: 1 .i':: t 

By writ.ing the above equat.iolls jJ) matrix form, (9) 
holds. 

Consider HOW the Lyapullov map L: 

gMX M -+ R. ..... fxM, 

defined b., 

L(D) = [) _ P [)J,T 

Simple algebra shows that. U ii:i all ill variant suhspil.Cf! of 
L. It is wdl kno\.,..n (.r\'Ia.f(:1I~. 197:q that the restriction 
ofLinliha8eigellvalue~ 1-.\i/P)Aj(I)), 1::;'; <j ~ 11, 

where AdP) denot.es thei-th clgctlvaluC' of P. Because 
_Y is irreducible a,ml iLpniodic, P is primitive; it follows 
that. 1 is the only eigenvaluf' of P ''''ith maximuIll mod
ulus. Hence this rest.riction is im'l'rtible, which means 
that for each FEU, there is a UUit:.l'lE' D E li such that 
(fJ) is satisfied. Since V is abo <tu 11Ivariant subspace of 
Land thp restnct.ion of L 1-0 U is illvertible, it follows 
t.hat. Uw r('~rirti()n of L to V l~ al~o invertihle, which 
implies that f) E V for ('adl F E V. 

D E V iltlplie~ 

fol' all i,j,~:. (10) 

Corollary 1 Tlu- lIf11(fue hkfU'-SYIJJ ffU;'!nc solution to 
(9) lS [jHIf"Il by 

D=:L P"F(I'i')". 
u:::il 

Proof: By replacing the U 011 the right.-hand side of (9) 
by F + pJ)pT and \ ... ·orking itnatively, it. follows 

.v 
D = :L p"F(I'T)" + I'N+l iJ(!;I)N+l, (11) 

71:::11 

Since X is irrcd1J(:ihle and aperiodic, t.here is (<;"~inlar. 

1971 ) 

lirn pN = (1r. 
.100'-+(>.< 

Because pT = D. {rrDrrT:IT 

fore, 
-rr DrrT = O. There-

lim pN D( pT )j'y' = err JJrrT eT = O. 
N-+w 

The corolla,ry follows directly from this and (11). 

3.2. The ncriv(J/1l1C Pornwlo 

Now assume tha.t P is perturbed to P' according to the 
following pattern: 

1" = I' + JQ (12) 

where is > () is ,{ small real tlllmber and Qe = O. 

Let rr and lr' Iw the steady-state probabilities of the 
Markov dlaill wiLh P and pi, and "1 = 1l' f and 1/ = rr' J 
be their st.eady st.ate perfonna.nce measures respectively. 
The perfOrm<Ll\('(' drrivat.iv(' (If 1) is dcfinf!d as 

ory 
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The derivatives of other qualltities are defined in a 8im
iIar way. 

LeIllnla 2 ~~ = rrQ(f - P -1- Frr)-l. 

Proof: 13)' taking derivative~ of the both sides of rrP = 
rr with re~ped 1.0 is, it. follows 

{)r. {) f' 
I)J(/- 1') = rr iJS = rr(). 

By usillg %Jc = 0, it. follows 

where r - P + or is called the fundamental matrix (Kc
meny and Sndl, 1960) and is iuvertible. The lemmil 
then follow:-; immediately (se!' al~o Dai (Hl94)). 

TI ' 2!!l1 QUT T H~OI eUI no = 1l' lr 

Proof: FrOlu Lemma 2, 

rhr 
iJJ f 
rrQ(f - I' + <'rr)-' f. (13 ) 
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Since n = F + PDpT , 7rf = 1. awl1fP = 1f, 

FT1fT + pj)T pT r, I' 

.r - (r.fle + f'DlrrT 

Furthermore, 

Thus. 

(1- F+cr:)-IJ 
= D1 "T + (7rJ 7r[)T rrT)(I_ P+e1r)-I, 
= DT"T + (rrf - r.j)l"T)t. 

Thf' last. equation is due to (/ - P+f'rr)e = f. Therefore, 
from (I'll and Q< = (). 

fir} 

36 

For the C(l.Sf' discussed in Srd.ion L. I/h = -J, qll 

and {fij = 0 for j i= / or j i= f, s. Thel'e is 

!\.-1 .~t 

-= 1T"1 L L 1f'jQil.: d jl.: 

)= 1 );=1 

.If 

ITI L IT.i(ql~d.i$ + (fu Ii..! , ) 
;-::1 

III 

-== ITl L 1f.ddjr - d},,) 
/-::1 

1fU(t_. (14) 

Tl1/" last. f'quatioll is due 1.0 (\(1). Thus , %% equals the 
expected valm' of d .. r . 

1. IlISClfSS[ONS 

\VitIt a salllple path approa.ch, a. new formula has 
bccn derived for the performance sensitivity of Markov 
chains. A disting;ui~:dwd feai.urf' of t.his formula is t.hat 
the quantities involved can Iw rstimat.cd by a.nalyzing a 
single sample pa.th of it Markov chain. 

T() CSt.iIlLH1.c d"f defincd ill (8) Oil a sa.mple path of a 
rvlarkov chain .Y , CHH' may proceed as follows. First., find 
(tu .Yi = 8 and at) X.i = t on t.hr' sample pat.h. Th~n 

r~cOl·d L:: :l~/i f(·\"u) and L;:l~/; f(X II ) until X i+L = 

.\"j+l". Tbe average of L:';~ll: f(.\1)) - "L,';.;/; /(Xn ) is an 

_ timate of d,.I_. This demonstrates the important prin
ciple t.hat <l single sample pat.h contains all information 
of performance sf'llsit.ivity . 

Dai (199,1) proposed a sinlHla.t.ion algorithm which ill 
fact c:"ltilllatc:"l t.11f' realizat.iOII factors. In Dai's method, 
an additional simulat.ion for a Markov r:hain yr wit.h the 
init.ial srat.r t is c;l.l'l'i~d Ollt when .\ reaches s. The addi
t.ional sil1lulation stops when X' and .Y reach the sanlt' 
st.at.e. Tlw result.s obt.ained ill this paper thus provide a 
clear interpretat.ion of Dai 's met.hod a:'3 well as a rigorolH:; 
proof of tlif' algorithm in Dal (1994). 

To develop singk sample p(Jth-bascd algorithms using 
the formula for est.imat.illg r.;erformance sensit.ivit.ie:"l of 
pradical syst.ems is an on-going resea.rch t.opic. 

REFERENCES 

Bratley, P .. B. L. Fox, and L. E, Schrage (1982). A 
Guid{' to .'i'imulalioTl, Springer-Verlag, New York. 

Cao, x. It (1994). Realization Probabilities: the Dy. 
namil\<; of QlIfueing 8ysieTn.<J, Springer-Verlag, New 

York. 

Cao, X. H (1987). Reali7-atioll Prohahility in Closed 
Ji'LCkSOll Qll('li(~ing Networks and Its Application, 
AdlH!t1I'f'8 in Applied ProfKJbility, 19,708-738 . 

(inial', E (1971). !nl-roduclion to Stochastic Pm(;e.~,~es. 

Pretlti("(' H<tIL 11Ic. 

Dai, L (J9n4). A Consi~telll Algorithm for Derivat.ive 
Estimation of Markov Cha.iu!:), Pn)((;:edings of thf 
:Ph,1 I PF:F Conference Ofl Decision and Control, 
1990·111(15. 

Dai, L. and Y. C. Ho (1994). St.ruct.ural InfinitesilIlal 
pp,rturbation Analysis (SIPA) for Derivative Esti
mation of Discrete EVt'nl Dynamic Systems, !}./'EF; 

Tmtit·;artiow; on .1c' to i:Lppear. 

Glasserman , P (J 991). G1U1lient Estmwl'lou Via ?€r~ 
ttl1'bation Analysis, r';:hl'wer Academic Publisher. 
Bostou. 

Ho, Y. C. and X. It. Cao (lg!)I). Pel-turbatlOrl Aaal· 
ysis of ni.<;rrctc~EtleTlI Uyrwmic S'ystem8, Khnver 
Acadf'mic Publisher, 80:-;(.011. 

KemellY, .1. G. and J. L. Sndl (1960). Firlilf: .lvfa1'kov 
Chuim;, Va.n No!:)traud-Reinhold, Ne .. " York. 

Marcus, \., (1973). Finite. Dmtensional Alullilinear A.l
gt:in"(l, Pa.rt 1. Mareel Dekker, New York . 


