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Bias Compensation Based Recursive Least-Squares
Identification Algorithm for MISO Systems

Feng Ding, Tongwen Chen, and Li Qiu

Abstract—For multi-input single-output output-error systems,
the least-squares (LS) estimates are biased. In order to obtain the
unbiased estimates, we present a recursive LS identification algo-
rithm based on a bias compensation technique. The basic idea is
to eliminate the estimation bias by adding a correction term in the
LS estimates, and further to derive a bias compensation based re-
cursive LS algorithm. Finally, we test the proposed algorithms by
simulation and show their effectiveness.

Index Terms—Bias compensation, bias correction, least squares
(LS), multivariable systems, parameter estimation, recursive iden-
tification.

I. PROBLEM FORMULATION

S INCE a multi-input multi-output system may be decom-
posed into several multi-input single-output (MISO) sub-

systems, we here consider a MISO system described by the
output-error state-space model [1]

(1)

Here, is the state vector,
the system input vector (the

superscript denoting the matrix transpose), the
system output, the observation white noise with zero
mean, and
and the system matrices.

Taking the transforms in (1) gives

(2)

(3)

(4)
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with being the characteristic polynomial in the unit delay
operator of degree and a
polynomial in , and both represented as

(5)

(6)

(7)

(8)

The output-error model in (2) cannot be identified by standard
least-squares (LS) algorithms since it differs from the multi-
input autoregressive with exogenous input (ARX) model [2]

The bias correction or bias elimination identification method
is an effective way of obtaining unbiased parameter estimates of
stochastic systems. It has been used to study the identification
problem of various system models, e.g., output-error systems
[3]–[5], ARX models with correlated noise [6], autoregressive
moving average (ARMA) models [7], MISO systems [8], au-
toregressive models [9], errors-in-variables models [10]–[12],
feedback or closed-loop systems [13]–[17]. However, most cor-
relation analysis based contributions mentioned above require
the assumption that the system input is ergodic, which is very
difficult to satisfy in practice, and few address recursive identi-
fication methods based on the bias correction technique, which
is the focus of this work. This paper uses the bias compensation
or bias correction technique to study the recursive identification
problem of MISO systems in (2). The basic idea is to use a cor-
rection term to compensate the biased LS estimates, and then to
derive a bias compensation based recursive LS (BCRLS) algo-
rithm to estimate the unknown parameters in (2) from
the given input–output measurement data

, and further, to study the numerical convergence of
the algorithm presented by simulation. The approach here dif-
fers not only from the ones mentioned above because we do not
assume that the system input is ergodic, but also from the ones
in [18]–[20] which used the auxiliary model technique to iden-
tify and estimate the parameters and missing outputs of dual-rate
sampled-data systems. The proposed approach is also different
from the method in [21] which used a hierarchical identifica-
tion principle to study the identification problem for multi-input,
multi-output systems.

Briefly, the paper is organized as follows. Section II derives
a basic identification algorithm for MISO systems based on a
bias compensation technique. Section III presents an illustrative
example for the results in this paper. Finally, concluding remarks
are given in Section IV.
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II. ALGORITHM DERIVATION

Let

(9)

Equation (2) can be written as

(10)

Define the parameter vector , information vector , and
noise vector as

From (9) and (10), we have

(11)

(12)

(13)

Further, let

(14)

(15)

(16)

It is easy to get

(17)

Form a cost function [2]

where . According to the LS principle, we
can obtain the LS estimate of as follows:

Because is a correlated noise (vector), this LS esti-
mate is a biased one of the parameter vector . In fact, using
(17), we

(18)

(19)

(20)

Using (11), it follows that

(21)

Dividing by and taking limit yield

(22)

Since is a white noise with zero mean and variance and
is independent of the inputs, i.e.,

, and , the second term
on the right-hand side of the above equation converges to zero,
and the first term converges to , which means

(23)

where

Define the data product moment matrix

Provided that the inputs are persistent excitation signals, for
large , the following persistent excitation (PE) condition holds:

This includes the generalized PE condition [19], the weak PE
condition [19] and the strong PE condition [22]. Hence, from
(22), we have

(24)

The following is to indicate that the results in [4] require the
stationarity and ergodicity assumptions. Define the correlation
function of as follows:

If the inputs are stationary and ergodic, i.e., is 2nd-mo-
ment-ergodic and exists, then does not
depend on (denoted by ) and ac-
cording to the definition of ergodicity. Under such assumptions,
(24) can be written as

(25)

Equation (25) is the basic equation of the bias compensation
methods for stationary cases, see, e.g., [4], and obviously re-
quires the assumption that the sample average has limit.
For nonstationary data, is time-varying and has no limit;
thus does not exist—see the example later.

If the noise variance and correlation function are
known or obtained by estimation, then from (25), an alternate
way to get the unbiased estimate of can be simply
expressed as

Equation (24) shows that the LS estimate is biased,
and is a basic equation for bias compensation menthods,
without assuming stationarity and ergodicity of input data. If
we introduce a compensation term in the LS
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estimate , then we can obtain the unbiased estimate
of , i.e., . This is

the basic idea of the bias compensation LS method. Define a
covariance matrix . Let be the
estimate of the noise variance . We can write in a recursive
form

(26)

where and are the bias compensation LS estimate
and LS estimate of at time , respectively.

Now, the problem is changed into how to compute the vari-
ance estimate . The details are as follows. Let

(27)

Using (11)–(13) and the relation

(28)

it is not difficult to get

(29)

(30)

(31)

(32)

(33)

(34)

(35)

Notice that is a white noise, dividing by and taking limit
give

(36)

(37)

(38)

(39)

or

The estimate of may be computed by

where

(40)

From the definition of and (18), we easily get the recursive
relation of as follows:

(41)

(42)

(43)

or

Thus, we have

(44)

(45)

From the above equations, we can summarize the BCRLS algo-
rithm as follows:

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

where and represent the th element of and
, respectively. To initialize this BCRLS algorithm, we

take to be a large positive number, e.g., , and take
both and to be zero vectors or some small real vec-
tors, e.g., with being an -di-
mensional column vector whose elements are 1.

To summarize, we list the steps involved in the BCRLS al-
gorithm to recursively compute the parameter estimation vector

as increases:
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TABLE I
ESTIMATES AND ERRORS FOR STATIONARY CASES (� = 11:67%)

1) Collect the input–output data , and data length
.

2) To initialize, let
.

3) Form by (53), compute by (50), by (49),
by (48) and by (47).

4) Compute by (51) and by (46).
5) If , then terminate the procedure and obtain

the estimate of the parameter vector ; otherwise,
increment by 1 and go to step 3.

III. EXAMPLE

An example is given to show the effectiveness of the proposed
algorithms. Consider the 2-input and 1-output system

is taken as an uncorrelated persistent excitation
vector sequence with zero mean and unit variance

, and as a white noise sequence with zero mean
and variance . Under such conditions, this example
gives rise to a stationary problem. Apply the LS and BCRLS
algorithms and a comparable BCLS algorithm in [4] to esti-
mate the parameters of this system, the LS estimates ,

Fig. 1. The parameter estimation errors � versus t (stationary case).

Fig. 2. The parameter estimation errors � versus t (nonstationary case).

and bias compensation recursive LS (BCRLS) estimates ,
bias compensation LS (BCLS) estimates and their errors
are shown in Table I, and the parameter estimation errors

versus are shown in Fig. 1, where repre-
sents or or , and represents the noise-to-
signal ratio of the system and is defined by the square root of
the ratio of the variance of the output of the system driven by
the noise and the noise-free output (namely, the output

when ). For the output error system in (2), is
computed by the following:

% %

The simulation results with nonstationary cases are shown in
Table II and Fig. 2, where the inputs and noise

are taken as

Under such cases, is time varying and has no limit as
even if .

From Tables I and II and Figs. 1 and 2, we can see that the
BCRLS and BCLS algorithms have obvious advantages over the
LS algorithm, and the BCRLS estimates have higher accuracy
and are more stationary than the comparable BCLS estimates in
[4], especially in the nonstationary cases.
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TABLE II
ESTIMATES AND ERRORS FOR NON-STATIONARY CASES

IV. CONCLUSION

According to the bias correction technique, a bias compen-
sation recursive LS identification algorithm is developed for
multi-input, single-output systems without assuming that the
system is stationary. The simulation results show that the pro-
posed algorithm can give higher parameter estimation accuracy
than the LS algorithm and bias compensation LS algorithm.
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