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Abst.n\(~t. l it ihis p;tper , it. il:! showlI t.hat a ll unc( ~rt.aill sY~le lll descrih(xl ['Y a cert.ain C ....... Inu It.ipl"iGtl,i ve or rf· la1.iw perturbation ill il.s coprinH~ fa,( ;l.ors is the ~afll " as the onc 
(kscri bNl by a gap 01' u-gap metric hall. Hent'e a ll of lhf' s l.ahility robust.nes.. ... results 
fo r gap or t.l-gap llwt.!'i c uncertainty carries oyer to t.his t.ype: of \;oprime fa<tor pe. rtur
bat.io ll. ll n C:t>rt.ain :-;y..,tem s described by 1iC<J multiplintt.ive. or relative pe. l"turbatiolls 
ill coprillle f .. t.dors are also s~udicd in t.his paper. N~n'~sary and sufficien t. condit.ions 
for ro bll~t. sl,auilit.y of a ff!edback sy~t,el11 with eoprinw fadors o r both t.IH· plant and 
t.ll(' ( 'olll.roll (~J' Sllbj",(·/ 1.0 simultaIl€OIlS 1£00 lllult.ipJica l.i .... p or rf'i.1t.i ve pf' rturhar,loIlS arc 
onr,aillfxl. 

Kpywonls. H.llhust. (·ont.rol , robust. stability, uno'rtaill tinear systems , copritue 
f(\.cl.or izatiotl. gap IIIP1.r i(" . 
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I. INTROD\ ;( 'TIO"! 

III study ing co nt-roll e r rf:dud.ioll willi l1Iuihplic:a tive or 
relative error bound ill cllprittH' rart.ors, a robust st.abil
ity condit.i o n wa.'i d f~ J'iv('d ill (GIl , H)!)!)) for ;I, feedback 
:=syst em whns(' pla l1t is :>mhjf'X,t 1.0 '!i x, Horm bounded 
IllHlt.ipiica.riy(' o r rd a li vf" Jw rtlJrhalio ll in the (·oprim P.' 
f(lrl.ms . Tll!' nHldi!.ioll o hra.illf'd i~ ('x;,dly t.he. same a.s 
l.hHI. for' !.h e gap H[e! rir' or t/-gap lllf'tri{ ' LJw·ertaint·y ~t.lId
i('d ill (C~orgjolJ .me! Slllith, 1 9~j(); Villnicofllbe, 199:q. 
Then ' thus al>pea rs 1.0 1)(' a.n illllf;,!'!".I. l.~oll1l('ct ion be
!W4.!f'1l t. he Iwo diffe l"PIlI. t.yP('S or ulI(,(·rI.a.int ics th a t is 
rnissed ill ((~1l , IW)·5) . Thi:'! papl'r aim :>; lo darify t.hf.' 

missing connt':cLion hetween 1 he Jllultipli<.:ativc or rela 
t.ive perturbatioH in coprimc factors and the gap m p.trlr 
o r v -gap metric ul1('~rtaint.y. This is made possible by ex 
tending t.iw 11. ::£1 pertlJrbation sl-udied ill (Gu. 199f)) to 
cert.ain £~, pel't.urbatinll~ . \V,lh the conm'ctioll est.a.L
lisbcd, it. I )('coltw~ easy to analize the robust s ta.bility or 
feedba.c.:k syst,t~ms \vith bo th [.h e plant and t he controller 
subj~ct. Lo , ... illluh .all eou~ b ut illdep e nd(~nt mult.iplicative 
01" relati ve I)(~rt llrbations in f:oprinw fa.d ors. 

I Supported ill part. by AFOSR und.,r DEPSCuR pl'ogram wit.h 
(: I"<1.nl No. F'1~JE i'lO- !-H-l -U41 :1. 
"2 S II PPOI·",'d h.\' the H I'I IP; h~lllll. I{f' ,..OI.I,<·h (;r'aJI"s COllnr:i l undel' 
(; r'anf No. 1 U"': 1·.I.;T;;;")'l !!J<IE. 

The gap tnetrie was introdnCt'd t.o control lit.erature in 
(Za.Olf:'S and EI-Sakka.rYr 1980) . It.s powpr and elega.nce 
have been demon81ratcd in s lIlJseq\lcnt. st.udies, sec, e .g. , 
(Geor~jou. 19~R ; Georgioll and Smith , 1990; Qiu and 
Oavison , H)92u; Sef(.un a lld Oher , H)93) . A (l(>W mer
rir., called IJ-gl-tp metric, was invented in (Vinnicombe, 
W93) a nd was shown t.o be ct.(h antageou!:i ove r g a p met
ric. The. opt ima l robust. ~ 1.ahili zing (·ont.rolle r with re-
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spect 1,0 gap or il-gap pla n' UHcf"rt.aillty ha.~ been sho wn 
t.o h;:we ~OI1W uie!' p,·opert.i ('S a nd 1I a.'5 formed t.he b a.o;is 
of t,hc loop sh a.pinv; design IIlct.hod in {Mc Farhmt' a nd 
(:lovr. r. IDDU). In t.lw gap or If-gap based robust. con
trol t.lwo!'y. IIOl'lllalizN! coprim e fa.(" tOJ'iz at.ion~ havr b een 
playing H crtwi",1 rol E' . III pa rt.il"uirtl'. ulle main result in 
t.hi:,; t.heo ry ~ t.a t .('s I.hat ,I Sf'! of sy!il,ern~ in a ga p metric 
hall i::< equ a.l 1.0 a sd . of sy~ll'ms f'lrmecl hy H"'l n or l11 
bo nndt'.(1 addiI.L\'e pr. rLurhill.io IlS 0 11 no rmalized coprilll f' 
radon.; (Gl'o rg io ll iLnd Smith . UJ!)O ). In this pare-f , by 
COIHH~ctillg Ill(' gap or l.tH' If-ga p wilh pert.urba t.lo lls on 
c()primc ra<:t.Ol':oi thRt. , tTf" 11 0 1 1l (~(' ~ ~ ssa.l'LJy norm alized , \ .... f' 
p rovide IIlOl'e insight. inl,o t.his tlwOI'Y, make the tht:o ry 
more cOII\'~ uieJl1. "Bd .... rrsalilp. ami pnve t.he! way for the 
ext.cll sioll of the LiH'o ry to ,Ill' nt.s('~ when normalized 
coprime factorizatiolls are 110 1. dt'l'i ira.hle, sUl~ h a~ inti.nit~ 
dimellsio nal ~yS1.eJH~ tGc:orgioll Cllld Smith , 1992 ; Treil , 
H104), 01' 1.0 cas(-'s when no rlllali ,-,('( i cOJ.> riu""Ie fadori 7,i'I
lio n:"' arc ll o t. pos;o; ii)if'. stJch ;'L';'; sy~ I('III .') wit.h B an ilch In
pHt ompul. ;o;pnCl':-i (Qiu,lm) f)) , 

The' 110(;1I.iO Il Ilsed in this p<-llwr is "':I . .n nda rd . £:;' de llotes en. valu("d Lt~bcsg lli' L-:'-IJl<H'(~ ddillcd on l,iJe ima.gin a ry 
"xis. 'H ~' df' IlOl,(':-:'< tilf' C"I va 1Jwd "Iardy 2-space dd"ined 
011 t lw riglll half or the (~u lllpl f';\ pJ;UIP. C':.};"! and 1{.r;..,x rll 
dPllok t hf' CI'XIU vallH'd LcI )('sp, tJI ' ;\11<1 Hardy OC-~pH,c e::) 
respt'divcly. R.D:"'~ '" a1ld R:H~:"~ '" ('oHl'>isl of real rational 
members of £ {;: 1'1 Cllld 1l r....~1Il r('spf'l.'t ively . Sometirlle3 
we simply \\'I"il.e DJ. , C~ . R.C, ...... , I' ll ·. if the dimenS10lUj 
;u(' irt'elcvallt. or ('a ll hI" dedt~!!:?J lI I.llf' context. For 
G E C,,, . \ ... ·e \\'riU' (;~(,.;:) ::::; ( ;( - 'S) . Fo r G E nCII 'X flI 
wit,Ia (,'- 1 E R .CfH 'X lIl . th e winding lluJllber ofG', d eHot.ed 
by \.,..lIoG, i~ ddiIwd Le, be t.lw ; 'Xc('ss of the number of 
'l,crns ov(' r ,.he lIu]lIb(·' r o f pole:o; o f G in t.he open right 
ha lf of I.he (,Ol llpil-X pla in . For il mall'ix .4 E C P XIIl , the 
largt":'i t. and t.l H' sIHal l"st. sin g ul ar "'<I ]w," s a.r~ dCllot.ed by 
(7( : 1) and f[ (. 1) rt>s()('c{.iveiy. III I.il(' i'o llo wiug, a aia-gollal 
]wtlrix diag((l1 ' a :! .' . , il ll ) is 1101 rw(·t'ssa rii y square and 
it.s dim r-ltsi olls i-lff~ d!~( hJ('ihk froltl tiw c () n{.t'Xt.. 

2. UN(,CHTAINTY DESCHIPTlONS 

Tilt: sys{,f' !Tl:-; co nsjd~r('d ill t.lti:-; p;qwr aI'<' ass umed to bt~ 
linear Lil1l('-i m 'fl l'iant rtlld finil{' dilllPw:;j()nal, 80 t.h ey ra il 
be iciC'nLifi('d wit.h real ]'at io ll ii l 1,ralt:.;rrr mat.rices, The 
s(>l. o f slid] 1.fa, lls fe r m<II.ric('s ( If ~iz( ' J! x m is d enoted 
by p PX7II . A :-;y~klll i:-. :-;a id t.o h,' :-.l a.b lf' if it.s transfer 
lIlat.rix he lollgs j.o 'H r:-... Th(' ft-edhack syst.e- 1I1 shown ill 
Fig llre 1. or simply a. p air ( P, C ), is sa id t o bp sl.abl ~ if 

t.11f:' tra.nsfer mani x frOln [ "'] 1.0 [, ' ] . which is given 
'II::! (2 

by 

[.1 C]-' ,> , 

"1 r-.. ell I yz 
+ -1L.....-1'-.l1 

I c I 
1,------,1 e, 

Fig. I. Feedh"ck Control Sy~(.em 

+ 

Oft.elL ill pradica l sit.U<ltiOIl:-; , the exal..·.t trans fer mat.ri x 
P of a physical plant is unklJown but hclongs to a ndgh
borhood 01" a kuo\"'n nomilHli transfer matrix Po. In thi s 
ca.'!r', a feedback <:ontroller ( :0 is designed baSf'd on t.he 
nOlllinal plant PI). H owt' vel', t.he implemf!lIted controller 
C lllay 11 0 1. b~ !' xactly Co dll(:: to the need for (:Ol1t1'o /l<:1" 
reduc tio n , fin i t.e \\'ordle Jlgt h ('(feet.. ~tc., but bel ollgs 1.0 
a. neighhorhood of en. H(,: II ("~ itn important. probl~m i:-; 
whet.her or not the f('uJhack 'i)'stem in Figure I rem aill:-; 
stable wlH ~ 1I o llly (Pr)' ('0) i~ known t.o be titahle. 'filiI'!
is r('ferrf.'d to as robust, :-;t,abJ lity. There arf' many ways 
to ddiu(' IJI~ighborhoods of systems. In general. different. 
d e finitiomi I(,<-Id to d iffer f'nt c')ndiLIOns for robust sta bil
ity. Some o f t.hf' 1Il0l)t, e le~anf r($ul ts on robu~t r.ollLrol 
",,'ere ohLaillf'<\ by ll sing the gap m etri c and the v-gap 
metric to dps('I'ib(> IIIH.:ertfl iu I.y {Georgioll , 1988; Gror
giou and Slllitll , 1990; Qill a lld DavisoJl , lD02o; Sef{'on 
and Ober, HI!)3: Vinnicol11lw 1903) . 

The gap IHet.ric <-I lId tlte tJ-~ap m e tri c can be' definL-d 
using HillwrL s pac.·/, gcomel.l·i c language, The defin ition!; 
adopted b~low , \Vlti ch arc aet.ll a.!ly c.omputat.ion fo nnul<ls 
ckrivcd ill (Seft.o ll ami Ober . HJ93) and (Vi nn icombc. 
199:~) re!:ip(~~1.ivf'ly. appear t.o be more- ekment n,ry for 
(:ontrol n ':V'ardwrs. 1t is wdl- kno wn that each member 
of pt! x III adll1itti right a.nd Id! co vrimc fact.oriza.tiolts: 

P ::::; :V A1 - 1 :::: Jll - ' /;"1, Al, /\T , :\J , .. V E 1f.co . 

The coprillle facto rization ii ca.n h~ made nonlla.lizcd , i.e ., 
s a.lis fyin g 

,trAt + N-N ~ ' and /vJ,~l- + Niv- ~ l. 

Let PI,P,! E prxw and PI = N1 1\111- 1 , P'2 ::::; N1iH1-
1 

be norrllal ized coprilll t': fad oriza Lions. The gap m etric 
between PI a.llo P2 is d f' n.ned it.'! 

"II', . P,)~ . i1lf 11 [ ~!l l-[ '~;2 ]Qlk 1/) QQ-'E 'WH"" ' 1 j \:! 

The v-gap m el.ri(' bdween PI a nd P2 i1; d efined as 



3674

()I.I(P1 • P?) = inf 
Q,er l E R.(oo. 

III ~~,,]- [,~: ]Qlloo. (2) 

WIIOG== tl 

t\ gap ba ll (tnd a /.I-gap ball ill"( ' t.!tCIl givf'Tl by 

B(/'o.,·)~ (I' : ,q? Po) < "j 
8"i 1'0. r) ~ {f': ,),, (/,.1'0 ) < ,.) 

(.3 ) 

(1 ) 

which give' open lU~ i ghborh()od l) of n anti can be use.d 
M IInn'rt<l in I)YS\.CIII df'sniptiolls. 

AI)!:)Ut!1 (' t.hat Po E p "IXr a.ud Po .:::..; JVo1vl;; 1 i~ a. right. 
<'o prilne fact .ori :tat.io/l , The rollowiug ll cighborhoods of 
Po ar(' int.rod tl ('cd ill {C'L In9:)). 

l' M] _ (f L»[Mu] :V - + .No 

j. " R'H~ . IIL>lIoo < r} (;,) 

C"dl'''''') ~{ I' ~ NW l [ .~ ] =(/+L»-l[~,:] 
~ E RH, . ilL> 11", <,.} (6) 

It. is .'::iltown in (Gu. IOV5) tha.t if these ncighborhoodl) 
are llsed cirsnib€' dlf' unl;l.'rt.aint y of ~ 11(-' pl<u\ l,. of il. fee<"i
back sJ'stJ ~m. the:- nf'n 'SS<tl·Y and :-;ufTi!·ic ut. condit.ions fo r 
t Iw rohust si a..bility of ! h~ ff.'t'd \);lck .-;y:sj,cllI are t.hf' sanlf' 
a nd Lh ('~" art' f'x€I,r."tly !.I ll~ sall[(~ as ill t.he eaoSe when thr 
uncnta,in ty is dr-:scri lwr\ hy gap \l W ! ri(" o r the /.I-gap m et.
ri c . TI,is hillt s:t, cOIIIJt'('\,io n hf: IW~( ' lI ga p 11IeLric b a ll o r 
v- gap Ilwt,rlC ball and t.h p Sf't.:-; gi \,(' II ;n ( !J) .. - (6 ) . III t.h is 
Jl<LlJf' L w(' will show 1.ha~ t.ll<' g;l'I. l' ba.H are act.nally Illore 
ci rn>dy L'rl a.led t.o tlH~ followill~ (' nlarged sets . 

C:1w l ( Po , r) 

= {p ~ v,lr' ["'] [M,,]. cV = ([ I- ..l. ) .vD E H~, 

:\1 a nd cV ar.' wprinl<.' . ~ E R C " . II L> II~ < ,.} (7) 

C;~ . I (Po, ',') 

~{P OONW I . C~~l OO(J+ j. ) -I[~,:] E '!i"" 

AI and .v e r" ('opri111e, j. E R.Lo.IIL>lI oo < ,.} .(8 ) 

To r·OI1I1('('I. to t.h(' II -ga.p IlW! rie. \\"P IIr('(1 (.0 (,; Tllarg(~ the 
sf' t.s furt.h t'f . First. Wt ' nf'cd 1..0 ('xt.(,ltd I,lli' concept. o f 

winding numbf'r to nOllsquare transfer matrices. Let, G E .c::oxm hav..=- SlIlit.h-McMillan form 

diagbl ' i':!, . .. , Illlin{n,m}) · 

if all 71, 12,· .. I rllin{,, :m} <Lre Ilon~ero and Cco invel't.
ibl<\ thf' II define 

wnoG == wno ")'11:1 · . ;min 1 n ,m }· 

7\l ow define. 

C;,,, (PO , ') ~ {P ~NW ' [ ~~] OO(f + L»-t:~], 
wno [~] = 0 j. E R.£ ", 11t>IIN < r } (10) 

Notice t hat. the defin itions (0) - (10) do not depend on 
Lhe particular (,(,prime factor iza.tion u~ in t.heir defl 
ui t ions. To be absolut.e I·igorous, we need 1.0 require in 
the ,cLs (:;) - (HI) t hat. M - j ',xist • . Also "otice that the 
p erturba tion IHatl"i ces .1. ill (7) (1O ) al'c Ilot requirf'u 
to b e 8t.fl.hlt:'. It, is clear Owl 

Cmlld P: 1' ) c C:,lud V r} C C:~u l (P~ r) ('11) 
(" . , (P./·) c C;c/ (P, ,.) c C;',, (V,.) . (J2) 

This is b('caus~ lllatrices ,\.[ a.nd N in (5) - (6) are a lways 
right coprillle and ma.t.rices M and N in (9) - ((0) haY,," 

[ ~I] WIlO 'N = O. 

3. CONNECTIONS 

fn this sect.ioll , t.WI) theorem~ are stat.ed and proved 
whi{'h cOlllplet.cly es t,ablish the connccLions between sets 
B(Po, r). C:'lTl ((~I' 1'), C;.d(P(J , ,.) and bet.weell Bv(?u , 1·), 
C::1ul (Po, r ), C;./I"f (PfI ' 1') . 

Theorelll 1 B(?I) , 1') = C;/lIldPn, 1') = C;el (PO, I'). 
Proof: Th .. thoorelH is trivia lly true when ,. > 1, so we 
aSl:iume. l ' ~ J in t.he followin g. W c firs t, prove. 8( Po, 1') == 
C:ntll (p[) , r) . ll~ (\ normalized c.()prime fad,o rizat ion Po = 
j\-'aMo 1 ill t.h e definition of C;,w,( P, f' ). If II~ II= < r, 

t.hen 11 .6. [ j~:lr: ]11 .... , < ,'. Sill(x' 0\-1 and lV are right. co-
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prime., I.he re t> xisl,s Q E R'fL. , with Q-1 E 'R1L ('o.') such 

[MQ-' ].. H t.hat. NQ-l IS ~ll lsollwrry. 1' 11(' (' 

II[ MOJ - [M(r ' ]Cll . = IIA[ ,l;1o] 11 r .V \'Q- I <1 '" .y 00 < . 0 ' . 0 

and it follows frolll defillil iOIl ( I ) Lhat. C:f! Ur(Po, ,.) c 
B(Po, r) . Now assUIlW P E 8( nI, I'). '['ben P ha.c; lJormal-

ized coprllllC ffl('t,oJ'iz~.t.iotl :\1 +1 - : :'"Ill dl that I1 [ ~~ ] -

[ 1~] QII < J' for SOllll-~ q E R.,1£ ,'v wit.h Q- I E 'R.ll"O . 
r ,et, 

A = - ([ ,~~] - [ .. ~ ] Q) [ Mo No )· 

T hell ( ,~ 3] = (' + A) ( ~::] a lld IIAlloo = 11 [ ~~ ] -

[ '~ ]Q I I '" < r . By tlsing I.his A . we sec Ihal. P E 

C:
tltl1

{ Po. r) . ' l'his p r()\,f ~8 Ci( po . ,.) C C:I!"I(H). l'). 

Ay till:' df' fillition~ { j' ) Hq . it is obvio lll) that, 

P E C:',.l (Po. r) <::> Po E C:ll fl1 (P, 1·) . 

SillCf.' 

it. folJow,.-; B(PII • r) =- C;'r/(I'o. I') 

Theorem 2 Bv(P(),r) =C;:I !t /(Po,r ) =C~'d(Po,7·). 

Proof: i\gnill I,ll(' Cil.-;f.' I' > 1 i~ Irivi ,d . HO we assume r :S 
1. \Vf' fi n; l. pro w' BI~ (n! .J · ) ==. C::, ul(r~ ) , r) . l.I~e a normal
ized copriltH' fac/or iz<ll.io lt I .lt) -== .1\:11 :\11;-1 in t.lw definitiOIl 

o[C::,,,,(['. /·). If llAllx < I· , ,hell IIA ['~~,': ]11'" < I · . Since 

WIlO[ :~] = 1I.l h .. ", ('x ists Q E RC .. wit.h Q-I E R. C~ 
and W IlOQ =:: 0 sudJ tha.t. Mq- ' alld NQ - l belong to 
R:Il ,x and aJ'( ~ right. COPl'illH'. J !(·lWt· 

11 [ :~;: ] - [ ~~:g~ ,'] QII = IIA [ ,~~] 11 < I· 

alld if foll ows frolll (1) t ha./. /J E B,, (PIl.l'). Thi::; ::;how~ 
C::11tl (Pr; . J' ) C 81~( Pll. I"). No\\" a:-;'~ 411l1(' P E Bv (Po, 1'). 
TlwH P has IIOnllil.li ;t,(' cI (':oprillle f"ndorizati oH N AI- 1 

such Ihat. 11 [ ,~~~ ] - [ .• ~] (JII < ,. fO I some Q E R.e", 
wit.h Q-I E 'R,C,,,-, a.nrl \VIlO(J = (1 . lJ~ t 

A = - ( L~:: ]- ( ~ ] (J) [""" No J 

Then [~3] = (l + ~) [ :~:: 1, wno [ :~ 3] = 0, alld 

IIAll oc = 11 [ ,~,: ]- [ :~ 1 QII= < r. By "sing t.h is A . 
we sec th a.t P E C:nu{(Po f') . Thi::; provc~ B(Po, r) C 
C:nud~) . J'), 

Nole thal if [~] = (I + A)-' [ .~;~] and wno[ ~ ] = 
0, t hen l,h ~ re exist.!; Q E 'R.C cv with Q- ' E nLoo <lnd 
\·.':IIOQ =:: 0 ~uch t.hat IHQ and NQ are right coprime. 

(
.IIII Q] (HQ] I [MoQ] ( H f! IKe N( )Q ::: (I +~) NQ an< WHO No Q ::: J. 

This ~ho".' :-; t.hat 

e E C;'e/(PO, 1') ~?o E C::I1i1 (P . .,.) . 

Sjnce 

it. fo llows Bv(Po. ,.) ;::: C;'d (f"J, t·). 

In t.he remaining part o r t.l lis sect ion , we l.akC' <,t, clOSe' 
look at. ( mud PI) , 1') anet C r I'S i Po. /'). 

For Po E pp X fJ!. let Po ;::: A1 - 1;V be H. left. cop rime 
factorization. Defin l:' 

Cmlli (Po.r) 

= {f' = ,1:'-' iV • [ ,1,1 .~ J = [IV!o No J (' + ~) 
~ E RHoo,II~II", < cJ (1 3) 

Crt>{( Pu, f') 
-1-['-)(-') 1 = (P = ,Ir .v . M N = Mo No (1 + ~) -

Lenlnla 3 

~ E R1i~ ,II ~II~ < ,.}. (14) 

Cmud P o. 7') ;::: (~r...J( PO , r) 
Cl'd{ P0 1 r ) = {\Jl ul( PO, r), 

Proof: Lpj. P E CwIl1(PO. 1') . Then r has a right. copl'ime 

fact.orizat.i on N ,vI·- ' ,uch t.hat [ ~~ ] = (f + A) [ ~~ ] , 

where: ~ E Rll N ami IJ~ : I --...:. <: 1' . Define 

" . " , ( [0 '] [0 -1 ])-' [AI .\ J = [ ,I/o No J '+ _ [0 ~ I 0 . 

Then At f'l ud .1\1 a rc coprime 81l1<:C (1 + ~ } -1 is a unit in 
n1loo. Furt.llermon:. 

r - - )[M] [ - -)[ U I] [M] -N M .v = Ai IV -ION 
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~ [ ;11" :\'" J [ ~) I ~ 1 (J + t;) - '['~ 1 
= [ - "n Il" J [~r~ ] 
=U. 

Consequently. ,'~l - ' ,\' == /V' AI - - 1 .::::;: p. ,."hkh implies P E 
(~" e1( Po,-r ). Tlwff' forc. Cm u f (l~ : , 1') C (~,' ed Po, t') . .Revers 
ing t.h(' procrdure ahoVf,' show;-; (\ 1/ (Po. r) C Cmul ( Po. 1' ) 

Tlw e<lwl.liLy CTf·z{ I'o.r) == (:'1,, (/ (l'o,l') ca.u be :o:;i ruila.rly 
s llow n. 

It l.,;; not df'iH ir CIl I. lt !( J.)[) . I') == C,· ,·r(l'Il. r) holds in gen
era l. II OWf>V(T , it hold:') tri vi,dly whe ll Po i~ r\ scala r 
(SI SO ) ,ys1.elll . 

11. has b('('H tihown ill (Villllieomlw. 1993) that t he COIl
tailllllt' nt. B(fh. l') C 1\,, ( Po. I') is in general stric t. . Thi ::; , 
together wiLl! th e following(' x<l lnpk'. shows t ha t. t.hecon
t,ain lllent:-:l ill ( 11 )-( 11) are a ll ~t,r i ct in general. 

EX1:11Uple: Let Po {,~· ) == ~ ~: lilld /1( ,0; ) = ~~J;/. then a. 
right coprinl(' facto['iz~d, jo ll of }lO j:..; Po.::::;: Nl);11o-

1 where 

[ ~~Il] ~ [ ~ ~ t ] a.nd ,\H n tl;h~ "Oprllll f.' ' adOr t7,a t io ns of 
• (I ,+ I 

{' i, gi ven hy P = N lr' ",IH"'" [ ,~] ~ [ ,:~" ]Q and 
Q i~ a uni t. ill R.ll o.... Lf' l . .:.l E 'ftJI. ">;j :'i",tis fics 

[ '~q = (I+ .c\)[~,~'] 
EVfl llI ctl.i ng t.his eq ua tiun al. s = 1. ~""I' get, 

Thi~ shows tll a t P E Cn wdPn. r) == Cnd flo, 1') ouly if /' > 
~ . HO'WCVf'r, jt, j~ conlpu t( ~d ill (Ge(lrgiou and Smit.h , v G 
1990 ) and (VinnicOIlIlw. ]$)f):l) Ih:lJ J(P, Po) = ~, and . , . (\" = JiO' 
Finally, 'VE' would like t.o l'pmal'k t. ha1. ther~ may be a 
d OSl' I:onn('dioll Ix ,t-w('(,11 Cmu/( nl , /. ) 01' Crr./{PQ , r) and 
Cl po in t-w is(" ~ap II IC'1.r ic ball defin ed ill (Qiu ",od D a vi1:!oll , 
199~b) . 

'I. RO AUST STABILITY 

\Vt' arc illt.(, I'cst.eo in I.Iw ro bust. ~t abilil.y conditions fo r 
thE, fcedbrwk .'5YSt.('1I1 showlI in FiJJ; lIn ' I when t.he p lalH 

and Uw cont.roller a re su biect t.o simu lta.neous pert ur
bations o f I.he forlll described ill (5) - (10). Let 

b 1'( = 11 [ iJ] (I - C P ) - 1 [ [ c 111 ;;:,' . 

The fo llowing theorems ' H" du("' lo (Qiu and Davi$On . 
1992(1; Vinnkolll hc, lWJ3). 

Th~Ol'(nn 4 Ld Po E p I Xm and Co E pm x}', OIul 
(P", en) i .. .. I"ble. Then (I'. Cl is slab/c. f o ,> ,,/l P E 
5( Po ."1 ) awl ( . E H( C" . r, ; if and only if 

Theort~m 5 I .d Po E T pxlll und Co E prl'l Xl' , and 
( Po. Co) is ,'laO/e. Thm (I',C) IS slable fol' all (' E 
Li,,( po. ",) awl ( .' E Bv(Co. ,., ) if and ollly if 

Sin ce Cl/lid ( po. 1') C B( Po. T' } and Cr l: /(PO, 1') C B( Po , 1') 
and t.he ('olltainment is :-;lri,:t in general , one wonder . ., 
if (,he \·ondit.io ll in Theorelll 4 or 5 can be relaxed if P 
belongs 1.0 Cm 1l1 ('Po. ,. , ) o r er cd Pu, J'd and C h~lollg :5 to 
Clllul (Cn• r:,.} or C.·el(( :'o, "2) ' The answer is negat.ive . 

Tht\O)'Clll 6 I,d Po E P"'" m alld Co E pm xp , and 
(PI), Co) /., .,labl.·. 'lilt" (I'. C) is .. I."hle f m' all P E emul ( 0'), r ll ml(l C' E Cr tl (C1·,1':.d if and (mly if 

Pro of: The suffic:ienc.y ro llow~ from Theorem 4 o r 5. H 
rf~m a(n 5 1.0 :-;how (,he necessit.y. Assume 

an.:silll·1 + a rcs in 1'2> a rcsin bp'he,). 

Wc need 1.0 construct. P E Cm !ll ( Po: 1'1) , C E Cr t:i (Po . 1''2) 
such that (P, C) is uw;t.ahk. Le t (J = arc5in (bp o•co ). 
Then t.here exist. 01 < 31'csilt( '/'l ) and (J '!. < arcsin (1'2) 
s uch U,a l. 11 , + 11, ~ O. 

Let Po::: .vOAtO I be a n ormali~ed right cO]J ri lll ~ factor
i:tat.ion an<1 Co = \~O-I fro Le ;l uorm alized left. r.oprirne 
factorization. Then 

b" o.c" = in !" d~oUw) VioUw) - ( ioU..:) No (jw)] . ..... Ern ... ,) ) 

T bl.'re mu~1. exist. w E [0, ooJ slII:::h that. 

dl;,,(JOj)MI)(jw) - (ro'JOj)No(jw)] = bp"co ' 

Uy (Stewar(. a,n d Sun , 191)0, 'rlt eor~lll 1.5.2) , there exist 
uni tary 1ll ~.I. ri (·('~ X, \" , (\n<i Z :s uch that 

[
Mo (jOj) 1 " \. [ [ ] V ' 
.vDUOj) ' 0' 
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and 

C=dia.g((· l .C~ , . .. ,cm ) E R mXI1 ' . 

S= diag ( Jl -ci'~·;'dJI - r~'i"{I' .ml) 
E R ,m ).;l' , 

alltl 0 S /' 1 :s ('~ ::; . . S Cm · This i1l1plic~ ('} == bpo.c(, == 
::iin 0. Ddilw 

3', = S" [rllag( - ~i". (1, sill /I , . O . ... . 0 ) O]X 
dl (\g( -t O~~ I S III 01 ' O, .. . , O) 0 

and 

3', = X" [0 diag(-sinBsiIl~" . O . . . ,0)] 
Il 'ha,,;( - cos 0 ""' 0,. O .... 0) 

[
d iag(si nO, . O .. . .. 0) di~g(c'~SO,.O ' d'O) ]X . 
d,.,S(' 0,0, . O ..... Il) d, .,o( -,m 0, . O . . . . , 0) 

Thell ll. is ~t raighl.forward 1,0 v('t"i(y , hat zr(K 1) = sin 01 , 
(f(K:d == s ill 0'1 ' alld 

is !!iingu la r . ~\lo l. i c(' that ~\ a nd -:s:? ar(' of rank one. . Sta.n
d ard teChtljqlH~s ('x i:'> \. t·o COll trud. ~ I, Q, J E R.1l<XJ ::iuch 
Ih ;, t j.dj;;, ) = 3', . j.21);;') = :So , IIj.dl", = ,,(3:, ). a nd 
1Ij., II ~ . = (f(3', ) (VidY:lSagar. 1 !J8") . "Iow let. 

[ :~] = (! H' ) L~,I: ] 
[ -. -.] [-. -. ] ( [/ Il] [1 0]) V [ = I'll ( 'I) / + 0 _ / j. , 0 _ / . 

Tlwll it. follow . ., that P == /'v' JJ _., E Cm u / (Po, 1'\) , C == 
fr- 1(' E (~,,)ul { ( ·'O .I':!):::: C,.," (( 'I] , 1':;) , illld (P.C) is UJl 
st.abk. 

" CONCLlIS IOl\ 

Tht.' rnain contribut.ion of thiH paper is tlLP establishment 
of !.he cOllflt'ct,ioll Iwt"v( '1'1l the gap or 1.I- g(\P met.ric UIl
cert.aint.y f'llId t.11f' pe rt II rhatioll on ('()prilll p. fa.ctors t.hat 
are no t n ~"("~l"ar il .\" lIorl llalized . In Ihi~ paper, wc have 
on ly dealt w;11I l·iF:,ht. ~'oprillw fa.cL.o ri z;\tiolls. A paralle-l 
alla.ly ..... j:-; call Iw carried out f()f It'll ("f)p l' ime fadoriza
t.i Oll:-' . TIt(· (,()11IlCdioll !wf.\,,"cl:'[J ('(' I'Lain Illlllt.iplicativc o r 
rrla.r,jvE' prr( ur bal,ion 0 [[ If'ft (' ( lpl'i]lH' factors and tilt' T 
gap llwtric 1,lu('f!rlai nIS {(. ;p.orgi ol1 HlId Sm ith , lH~)O) call 
1)(' e:-;btbJi s lu'd . 
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