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Abstract

In this paper, the problem of robust stability of linear
time-invariant systems in state space models is considered.
Explicit bounds on linear time-invariant perturbations which
do not destabilize the system are given for both unstructured
and structured perturbations. These bounds are superior to
those reported in the recent literature in two senses: i) they
are less conservative and ii) they can be applied to a more
general class of systems and perturbations. The bounds are
easy to compute numerically. Several simple examples are
given to demonstrate the new bounds and compare them
with results previously reported.

The following notation shall be used throughout the

paper.

Notation

A eigenvalues of a square matrix

ol singular values of a matrix

ol'] largest singular value

ol smallest singular value

[/,  matrix norm induced from Holder p-norms of vectors

11112
1

spectral norm which is equal to o[']

modulus matrix, i.e. matrix formed by taking moduli
of elements of ||

symmetric part of a matrix = [(-)}+(-)' |/
determinant of a square matrix

perron eigenvalue of a non-negative square matrix
set of eigenvalues of a square matrix

1. Introduction

In the analysis and synthesis of robust control systems, a
fundamental problem that arises is the recognition that the
mathematical model assumed for the system is always inex-
act, and that the parameters of the system may deviate away
from their nominal values. Thus it is desirable to be able to
determine to what extent a nominal system remains stable
when subject to a certain class of perturbations. This is
called the robust stability problem, e.g. see [1]-[9}.

There are two main approaches which have been applied
to this problem in the literature: (i) the frequency domain
approach, e.g. (2], (3], [7] which is based on the transfer func-
tion representation of a system, and (ii} the time domain
approach, e.g. [49, 8], [8], [10] which is based on a state space
representation of a system. This paper will study the robust
stability problem for a state space representation of a system
using a frequency domain approach.

2., Development
Assume that a linear time-invariant model of a physical
system is described by the following state equation with
linear time-invariant perturbations:
This work has been supported by the Natural Sciences and Engineering Research Council
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t=(A+AA)z (1)

where T€R" is the state, ACR"™" is the nominal state
matrix which is assumed to be asymptotically stable, and
AA is a perturbation matrix.

It is assumed that AA may be classifled into two types
of perturbations, namely:

(i) Unstructured perturbations

In this case, only a bound on the norm of the perturba-
tion matrix AA is given.

(ii) Structured perturbations

In this case, the structure of perturbations in AA is
specified and the bounds on such structured perturbations are
given.

Given either (i) or (ii), it is desired to determine if the
perturbed system (1) remains stable.

The above problem has been extensively studied. For
example, the following recent results have been obtained for
the unstructured case.

Result 1 [8]: The system (1) is stable if
FAA) < =X

5P)

or if A is diagonalizable if

i 1 2T) A
o(AA min[-Re A =2-/4a
o{AA ) < min| (4)] 1) =

where P satisfies the Lyapunov equation
A'P + PA =-2]
and T satisfies 7714 T=diag(\,,), -

(2)

éﬂpm

Hpwe

(3)
SN

Result 2 [6]: Assume that the orthogonal matrix U in the
polar decomposition of A

A=UHg or A=H U
is stable. Then the system (1) is stable if

TAA) < -a{A )eos(brz) B ppw (4)

where 0., is the smallest principal phase of 4 measured
counter-clockwise from the positive real axis.

Result 3 [10]: Assume that Ag is negative definite. Then
the system (1) is stable if
(8)

TAA) < olAg) Buyw

In general, these bounds obtained are quite conservative
and they cannot necessarily be applied to arbitrary systems.
In general, upy, appears to be a better bound than the oth-
ers. If A is normal, then Upy=HUpy;=#K w=Hyw= min
[Re-X(A4 ).

For the structured case, the following result was recently
obtained:

Result 4

LIO]: Assume that the elements of AA are res-
tricted so that
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lAA; | <«

and let eémax €;;. Then the system (1) is stable if
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1"

1 A
ec—L Ay, (6)
al([ P | U)s]
where P satisfies (3) and U is a matrix with elements
6..
U,‘]':%—.
This paper will consider both the structured and

unstructured case of AA perturbations. The new bounds
obtained are better than the above results in two senses: (i)
they are tighter and (ii) they encompass a wider class of sys-
tems and perturbations. In the unstructured case, the new
bound requires no conditions on the system matrix A and for
a normal A, it gives the exact bound. In the structured case,
a characterization of permissible perturbations is given which
includes the results of [10] as a special case.

3. Main Results

First two lemmas which form the foundation of the later
development will be given. Then the stability robustness will
be discussed for both the unstructured and structured pertur-
bation cases.

Lemma 1: Let A€C"*" and AAEC" X", Let s¢sp(4) be
a point in the complex plane such that there exists a non-
singular matrix RE€C" <" so that

IRIAA (sI-A)'R||, <lor||[R™(sI-A)TAAR||, <1
Then s cannot be an eigenvalue of A +AA.

Proof: See Appendix 1.

Lemma 1 can be called an eigenvalue exclusive lemma.
For given A, AA, R, it is easy to compute such an exclusive
region in the complex plane.

Lemma 2: Let AER™ " be stable and assume that
AAER" ™" belongs to a set S which has the property that if

AA€S then this implies that o«AA€S, Va€[0,1]. Then
A+AA is stable YAAES if for some nonsingular
R(]'W)ER"X'I

|IRAA(jwI-A) R, <lor||R(jwI-A)'AAR||, <1
VAA Esa VWZO.

Proof: See Appendix 2.

3.1 Unstructured Perturbations

Consider the system (1). In this case, only the norm of
AA is known. Suppose it is [|AA|,. The following result is
obtained.

Theorem 1: The perturbed state matrix A ~AA is stable if

laal], < : (7)

A

; =How
wl-A)1

gg%lf(ﬂ i

Proof: Let R =I and use lemma 2 directly. Then 4 +AA
is stable if

sup [|AA (JwI-A) Y], <1

w>0
which is satisfied if

a4, sup [[{jwl-4)7], <1
from which the result immediately follows.

Remarks
1. As w—oo, |[(jwl-A)"|,—~0 which implies that the
supremum in (7) only needs to be determined in a finite
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interval. When p=2, the supremum can be taken in the
frequency interval w€(0,20({A4 )]

2. There are no extra requirements for A needed in
theorem 1, unlike the case for the bounds ppywse, 1w,
kyw, and the computations required in theorem 1 are
numerically well defined.

3. If the spectral norm is used in theorem 1 (i.e. p=2), the

condition becomes

AAA) < inf oljwl-A) & gy (®)

Tae following result shows that the bound ugy is
tighter than upy when the spectral norm is used.

Theorem 2: Let P be the solution of the Lyapunov equa-

tion (3); then
1

o(P)

= inf o(jwl-4)> =
low lelog(]w ) 2 upw

Proof: See Appendix 3.

For some special cases, the condition in theorem 1
becomes necessary and sufficient. The following is obtained.

Theorem 3: Assume A is a normal matrix and that A4 is
bounded by its spectral norm; then A +AA is stable if and
only if

ola4) < inf o{jwl-4)=min[-Re\(4)] B ugw
UJ__

Proof: See Appendix 4.

This implies that for the special case when A is normal
that theorem 1 gives the same bounds as upyy, Lpwe Hyw,
and g7y which in fact are necessary. This was not recog-
nized in {6], [8], [10].

3.2 Structured Perturbations
Consider the system (1) and assume A4 has the struc-

ture
AA = S(AES, (9)

where S;ER"XP, AEER?*9, S,¢R**", p<n, ¢<n, and
S1, Sy are known constant matrices. With no loss of general-
ity, assume that rank S;=p or/and rank S,—g¢, and let the
elements of the perturbation matrix be denoted by {AE,},
and assume that

| AE{j I S E,‘]'G
where ¢,; >0 are given, and €>0 is unknown.

Such a structured class of perturbation matrices includes
those of [9], {10] as a special case, and occurs in the analysis
of control systems. For example, perturbations of
sensors/actuators of a closed loop system can be represented
in the form of (9).

The following bound on € such that 4 +AA remains
stable for all perturbations A4 of the type (9) is given by
the following theorem, whose proof is given in Appendix 5.

(10)

Theorem 4: Given the class of perturbations A4 described
by (9), (10), then A+AA is stable if

1

€< Ay, 11
sup (| Sy(jw-A )18, [ U]~ © (i
w>0
where UER 7%? is a matrix with elements given by Uy =¢,;.
Remarks
L. As w—oo, |[(jwI-A)Y|,—0, which implies the

supremum only needs to be considered over a finite
interval.

The computations required to determine kg are numeri-
cally well defined.
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3. If the choice of §,=I,, S,=1I,, € =1, Vi,7 is made in
(11), then this case may be considered as an unstruc-
tured case with a norm defined to be equal to the max-
imum modulus of the elements of AA.

4. Theorem 4 is a generalization of the class of perturba-
tions considered in Result 4 {10}, and the following
examples show that the bounds pp obtained are less
conservative than the bounds obtained by using Result
4.

4, Numerical Examples
Example 1: The following matrix was considered in [10]:
-1 —0.251)
105 -1.2
It is required to compute the stability robust bound for

unstructured perturbations. 110} gave ppy;=1.0025,
,LLLW:].OO25, /.IYWZI.O.

Theorem 1 gives pow=1.0281
which is a tighter bound than the previously reported ones.

Example 2: Patel and Toda 8] considered a system
obtained by linear quadratic optimal control theory and
examined the stability robust bound for unstructured pertur-
bations of the following matrix:

-0.201 0.755 0.351 -0.075 0.033
-0.149 -0.696 -0.160 0.110 -0.048
A = |0.081 0.004 -0.189 -0.003 0.001
-0.173 0.802 0.251 -0.804 0.056
0.092 -0.467 -0.127 0.075 -1.162

They computed upy; and the result is upy;=0.077.
Using theorem 1, we obtain pgy =0.1116. The improvement
is 45%.

Example 3: Yedavalli {10] considered the structured pertur-
bation problem for the matrix:

-3 -2
1 0

Table 1 gives bounds of perturbations when the possible
perturbed elements of A have different combinations. Table
1 also gives exact bounds which provide necessary and
sufficient conditions for stability robustness. These exact
bounds are difficult to compute generally but in the 2X2
case, they can be obtained by observation. Table 1 shows

that the new bounds are a significant improvement over the
old ones and are close to the exact bounds.

Example 4: This example shows that it is possible for the
new bound u, to reach infinity, whereas the previous bounds
remain finite. Consider the matrix

-

subject to structured perturbations. Then Table 2 provides a
comparison between the results of the new bound u, and the
previous bound uy [10]. Note that all the results obtained
by the new bound are exact bounds.

Example 6: This example demonstrates the application of
theorem 3 to a system which is controlled. Given the system

l4]:
-1 0 7 8 7 -8
5‘:[ 0 -2]‘”[12 14]”’ y:[_s 7]75 (12)
-k, O
with control u= 0 -k, y where k=1, k,=1, assume

that the controller gains are subject to perturbations such

783

£ | Aky| <e. Tt is desired to determine a

In this

that |Ak,| <

value of ¢ which guarantees closed loop stability.
case, for the closed loop sytem

e e M 1 E S P

(13)
7 8Bk 0 )(7 -8
A4, :[12 14]{ 0 AkZJ[—G 7]
05 0 7 8 7 -8
and so on letting U= o 1) S1= 12 14) Sy= 6 7],
the application of theorem 4 gives 1y =0.0816. Thus the

closed loop system remains stable VAk,, YAk, such that
| Ak, | <0.0408, | Ak,|<0.0818, i.e. the closed loop system
can tolerate 4% and 8% gain changes respectively. This
result is consistent with the type of results obtained in [4],
which showed that the system (12) has a very small gain-
margin tolerance.

4. Conclusions

Two improved bounds on perturbations of asymptoti-
cally stable linear time-invariant systems are obtained; both
structured and unstructured perturbations are considered.
The new bounds are shown to be a significant improvement
over recent ones reported, and apply to more general situa-
tions. For some special cases, e.g. when the nominal state
matrix is normal, the bound for unstructured perturbations is
actually an exact bound.
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Appendix 1: Proof of Lemma 2
If |[RAA(sI-A) 'R {l, <1. Then
det|[I-R'AA(sI-AYR)#0
which is equivalent to
det[I-AA (sI-AY1#0
which can be rewritten as
det[s]-A-AA]F#0
i.e., s is not an eigenvalue of A +AA.

The same proof can be applied to the case when
[|[R7Y(sI-A)AAR]|<1.

Appendix 2: Proof of Lemma 2
Lemma 2 can be proved by contradiction.

The eigenvalues of a matrix are continuous in its ele-
ments. So that as & goes from 0 to 1 continuously, the eigen-
values of A +aAA will vary from the eigenvalues of A to
those of A +AA continuously. In the case of A being stable,
suppose A +AA has an eigenvalue in the closed right half
complex plane; then there exists a «0<a<1, such that
A+oAA has an eigenvalue on the imaginary axis. By
lemma 1, this contradicts the condition in lemma 2. Also
since A, AA, R are real, then the conditions of lemma 2
only need to be satisfied for w>0.

Appendix 3: Proof of Theorem 2
From the Lyapunov equation (3), we obtain

(~jwI-A")P + P(jwl-A)=2I (1a)

Pre- and post-multiplying by (-jwl-4')! and (fwI-A)!
respectively, (1a) becomes:

Pjwl-AY 4+ (-jwl-A' V1P = 2(—jwl-A’ Y jwl-A ) (22a)
Let (jwl-A)'=G(jw), then (—jwl-A')1=G*(jw), so that
(2a) becomes:

PG(jw)+ G*(jw)P =2G*(jw)G(jw)
which implies that:

20°(G(jw)) < 25(P)-0]G (jw))
or that

olG(jw) L alP)

Hence it is concluded that:

1 1
inf o(jwl-A )= inf >
A= S e 2 )

Appendix 4: Proof of Theorem 3
If A is normal, it can be represented as
A=T"'diag(A\ Ny, . . . , A,)T where T is unitary and X,
1=1,...,n are the eigenvalues of A. Then

inf o{jwl-A]= inf of T-ldiag[jw-Ay,jw-Agp s jw-2, | T}
w>0 w>0
= inf g{diag[jw-Ap,Jw-Ng,Jw-r, ]}
w>0

= min [|Re);|]=min[-ReX{4)]
i=1,.,n
which proves sufficiency of the result.

If [JAA ||, =ugw=min[-Re \(4)], let AA=
min[-ReX(4)]']. Then A +AA = T '[diag(h;,hg, . . ., N, )+
min |ReX(4 )| J]T which is unstable. This proves necessity
of the result.

Appendix 5: Proof of Theorem 4

The following definition and preliminary results are
required in order to prove theorem 4.

A matrix AER™X" is called non-negative (denoted by
A >0) if all the elements of 4 are non-negative. The follow-
ing result is obtained from [11].

Lemma Al: A non-negative matrix A CR" X" always has a
non-negative eigenvalue (denoted by =n(A4)) that is greater
than or equal to the moduli of all the other eigenvalues of A.
The right and left eigenvector of A corresponding to n(4)
are non-negative.

The following two results are obtained from Bauer [12].

Lemma A2: Let BER"™X™, CER™X" be non-negative
matrices and let D;ER"™*", D,eR™*™ be diagonal
matrices. Then

i {lD1BD,|), |ID7'CD ||, } = 7(BC) =(CB) (3a)

Bauer proved this result for the case when B >0, C >0 and
“min” is used instead of ‘“inf”; however his proof can be
modified to allow B >0, C >0.

Lemma A83: Let AEC™*"; then in general ||A]],
<I[1A []l,, but the equality holds for the following cases:

) dEeC™X™, E,e€@"*™ with |E,|=I,, |E.|=I,
such that E\AE,=|A |. Such a matrix A is called a
checkerboard matrix.

i) p=1or p=oo.
From lemma A2 and lemma A3, the following corollary
is obtained:

Corollary 1: Let BEC™ X", C€C"*™ and D,, D, be diag-
onal matrices; then

jof {IlD1BD,|l, |ID5 CDH |, } < (B C)
ny
=n(|C||B]) (42)
The equalities hold if B and C are checkerboard
matrices or if a 1-norm or co-norm is used.

Proof of Theorem 4: From lemma 2, A +AA is stable, if
3R (jw) such that
[RS|AESy(jwI-A)Y'R™Y|, <1, YAEEE, Yw>0 (52)
where EA{AE | | AEy; | <e;j€}

Assume injtially that S; is left-invertible; then there
exists a nonsingular matrix T such that

I
TS, = [0} (6a)

Let R=D,(jw)T, where D,(jw) is a diagonal matrix.
Then (5a) is true if 3D (jw) such that

1D,

AE
0 }Sz(ij—A JITD|, <1,YAE€EE,Yw>0 (7a)

which is true if 3D,(jw),D,(jw) which are diagona! such
that:

AE -1 : “1p-1py -1
1P| o |Pallp 1D3'Sy(jwI-A)TID |, <1, (8a)

YAE€EE, Yw>0
Since JE,E, with |E,|=I, | E,|=I so that

eU
, }Dn (92)

then from lemma A3, we conclude that

eU
E\D, 0 2E2=|D1
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1Dy (10a)

eU
0 }Dsz =H 'Dx

eU
o Pzl 1l
which implies that:
eU
o P2l 211D,

eU AE
HDI[O }D'z“p:HlDl 0 }Dznp (11a)

is true YAE€EE. Thus condition (8a) is satisfied if 3 diago-
nal matrices D,(jw), Dy(jw) such that

1D,

U
0 ]tDsz IDSy(jwI-AY*TD ! I, <1, Yw>0 (12a)

which is true if Jdiagonal D{jw), D,(jw) such that:

¢ inf ||D
D;,Dz” 1

U
O}DZHPHDZ_ISZ(J"UI—A )le_lDI_IHp <1, (133‘)

Yw>0
which will be true, from corollary 1, if the following condition

(14a)

U
e-n‘{ l:o }l So(jwl-A)IT™| }< 1, Yw>0

Now let T-l=|V,V,}; then this implies from (6a) that

V=25, which implies thal
U . - U|Sy(jwl-A) S, V|
o || S2liwl-A) T (=7 0
= (U] $y(jwl-A)'S, ||=r(|Sy(jwl-A)"S, | U]
Thus condition (14a) is equivalent to the condition
€ < 1/sup || So(jwl-A)1S,| U] __A:“Q
w>0

(152)

which proves theorem 4 for the case S; is left-invertible.
Assume now that §, is not lefl invertible, but that S, is
right-invertible; then the proof can be repeated in exactly the
same way, on noting from lemma 2, that A +AA is stable, if
3R (jw) such that:

is satisfied: IR (jwI-A)'S,AES,RY|, <1, VAEEE, Yw>0

Table 1: Comparison of Results Obtained for the Stability Robust Bound
for Structured Perturbations of Example 3 for the Case when
-3 =2
-3 70
E;elret"uez;btesd 112 a a a a 8,48, 18y48,,(8,,8,4 01081 (21,8,,(8,,28 12tz fufa F12t
o;A 851259 11 12 21 22 11712)7117224711721 ) 7127211712722 21722 a1 2y, 25y 3,5,
11'10010000111010%{{01001111[16TE)1’
v 11]_00001001000110\_;0_[011110011ﬂ,1ﬂ
i
uy 0.236 [1.657 {1.657 [0.655 |0.396 1.0 |0.382 {0.48 0.5 |0.324 0.3027]0.317 {0.311 [0.273 70.256
uQ 0.3295{3.0000{2.0000(1.0000{0.6667|1,5201 0.561210.9150{0,8108|0.5000]0.4000{0.6848(0.4486|0.371410.3528
exact - 19,3333| 3 2 1 |o.6667] 2 |0.5616] 1 1 0.5 | 0.4 1 ]0.4495]0.37230.3542
bounds
Table 2: Comparison of bounds for example 4
Perturbed | ay;ay; | ay1899 | @yg89; |61 [ agy | ayy [ay
elements | a,,a4,
Ly 0.784 1 1777 | 8 | 1 |16 | 2
by 0.889 1 2.8284 | 8 1 0o | 00
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