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~ n ~ f f  1f ~e peau~at10n ma~x ~ a55umed ~ 6e ~a90n~, 6~ ~e m6~t ~a6111~ c0n~f10n ~ r  p~ame~c 
~rtu~at10n5 ~ven 6y ~e ~ ~a~11~ m ~  15 n0 ~n9~ ~ a ~  1f ~e pertu~at10n ma~x 15 m~e~  ~ m e d  m 6e 
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Keyw0r~: ~ a 6 1 ~  R06u5m~5; 5ymme~c W5~m~ 5ma11 9~n ~e~em; 7aka~ ~c~f12~10n; Re~ ~a6111~ m ~  

1. 1n~0ducf10n 

5y~em5 w1~ 5ymmetr1c ~an5~r  matr1ce5 0~en 0ccur 1n ~ w0dd ap~at10n5.  Fcr examp1e, c0n~d~ a 
5pace ~ m c m ~  w1th c d ~ c ~ e d  5en50r5 and acm~0r5 de5cr16ed 6y 

M ~ + D0 + K 4 = Lu, y = L ~4, (1) 

wh~e  ~ e  m~5 matr1x M, damp~9 matr1x D, and 5t1ffn~5 matr1x K ~ e  a11 ~ 5ymmetr1c m~r1c~. 7he 
~an5~r matr1x 0f th15 5pace ~rucmm, 

P(5) = L7(M52 + D5 + K ) - ~ L  

15 c~ar1y 5ymmetr1c, 1.e., p7 = p. 5u~h 5y51em5 ~ e  ca11ed 5ymmetr1c 5y5~em5. 
1n the c0m~1 0f 5ymm~r1c 5y~em~ 5ymmetr1c c 0 m ~ 1 ~  0ffer 50me advama9e5 and ~ e  0~en u5ed [6, 5]. 

1n ~15 ca5e, ~ e  ~ a 6 ~  and perf0rmance r06u~ne55 an~y~5 0f the c ~ C ~ 0 p  5y~em w111 0~en 6ec0me 
the an~y515 0f ~ e  ~ (re~ ~f10n~ matr1ce5 60unded ~ Re(5) > 0) ~ve~16111~ 0f 1 - A 6 ,  where 6 15 
a f1xed 5ymmetr1c ~ ~an5~r matr1x and A 15 an uncea~n ~ W ~  ~an5~r mmr1x, ~ p ~ m m 9  dynam1c 
p e a u ~ 1 0 ~  cr an uncea~n m ~  mmr1x, mpm5em~9 p~ametr1c peau~at10n. Fm examp~, ~5ume ~ m  a 
5ymm~r1c 5~a~f1~n9 ~ed6ack c 0 m ~ H ~  C 15 u5ed ~ c0ntr01 ~ e  5pace ~mcmre ~ (1); 1f P 15 5u6je~ ~ 
an ad~f1ve pertu~at10n P ---+ P + A, where A 15 an uncea~n ~ W ~  Van5~r ma~1~ then 6 = C U  - P C )  -~ 
w~ch 15 5ymmetr1c; m 1f ~ e  0~y  pertu~at10n c0me5 ff0m an uncea~n dam~n9 m~r1x D --~ D • A, wh~e 
A 15 an u n c e ~ n  re~ m~r1x, ~en  6 ~ )  = [M5 2 + D 5 + K - L C ( 5 ) L ~ - ~ 5  w~ch 15 ~50 5ymmetr1c. 1n 9ener~, 

* 7d: 852~35~7067; ~x: 85~235~1485; em~1: e e ~ u ~ e e ~ L  
~ 5upp0~ed 6y H0n9 K0n9 Re5ea~h 6 ~ n ~  C0unc~ 
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pe~u~at10n5 1n the 5pace ~rucm~, 5uch a5 tha  cau5ed 6y 9ym~0Nc ~ E e  and the 1 m p ~  c01~cat10n 0f 
5en50r and acma0r c h a a ~ e ~  can 1ead t0 a5ymmet~c A. F0r c0mput1n9 the ~a~11ty mar91n5 0f a 5y~em 
when ~ymmetr1c A 15 p 0 ~ ,  the %110w1n9 ~rmda5, due t0 [1] and [7], ~5pect1ve1y, are ~ r u m e ~ :  

~f{11A11~: A ~ ~ , ( 1  - A 6 )  -~ ~ ~ }  = 11611L• (2) 

and 1 n f { a 1 ( A ) : A 1 5 a ~ M m a f 1 ~ U ~ A 6 ) ~ 1 ~ 9 , ~ } = { 0 ~ } # a [ 6 0 ~ } - 1  (3) 

w h ~  %r c0mp1ex maf1x M, 

~ , (M)  = 7~ (0~ ,f,] 62 ([7-~e1M m M -71mR M e M ))• 

Here ~( .)  15 u5ed t0 den0te ~e  Rh 5 ~ 9 ~  v~ue a55um1n9 n0~ncma51n9 0rde~ 
H0weveL 1f the 0n~ 50urce 0f u n c e ~ m y  ~ the 5pace ~ru~u~ 15 the dynam~5 0f the ~ r u c ~  0r ~e  

p~amem~ 0f M, D, K m~f1c~, ~en A w111 ~way5 6e a 5ymmetr1c m~f1x. 7~5 m 0 t 1 v ~  u5 ~ 5mdy 

~f{11A11~: ~ ~ , ~ ,  A 15 5ymm~f1c,~ - A 6 )  -1 ~ ~3(F~} (4) 

and 

~f{aa(A): A 15 a re~ 5ymm~f1c m ~ f 1 ~  - A 6 )  -1 ~ ~ ¢ ~ } .  (5) 

C~ad~ (4) 15 9re~er than 0r e4u~ t0 (2) and (5) 15 9 ~  than 0r e4u~ t0 (3). 0ur c0ncem5 are 1f (4) 15 
e4u~ t0 (2) and 1f (5) 15 e4u~ t0 (3). We w111 ~50 ~ve5t19~e 

~f(11A11~: A ~ ~ , ~  15 ~ a 9 0 n ~ , ~ -  ~6)  -~ ¢ ~ }  (6) 

and 

~f{a~(A): A 15 a re~ ~a90n~ m ~ f 1 ~ 6 -  A 6 )  -~ ~ ~)ff~}. (7) 

(6) and (7) are 1mp0~am 1n the~ 0wn f19~ 6ecau5e 0f ~ r  06~0u5 c0nnect10n5 t0 r06u~ ~ a ~ h ~  under 
~ru~ured pe~u~at10n5 [8, 2]. 7hey are 5m~ed ~ 0ur c0nmxt m ~ y  6ecau~ 0f thdr c0nnect10n w1th (4) 
and (5). 5~ce ~a90n~ m~f1ce5 are 5pec1~ 5ymm~f1c m~f1ce~ R ~1~w5 ~at  1f (6) 15 e4ua1 t0 (2), 50 
15 (4); an~ 0n the mher hanC 1f (4) 15 n0t e4u~ t0 (2), ne1ther 15 (6). A 51m1hr ~9umem a p ~ 5  t0 ~e  
re1at10n5~p 6~ween (3), (5), and (7). 1n 5ect10n 2 we 5h0w th~ (6) and hence (4) are e4u~ t0 (2). 1n 
5ect10n 3 we 5h0w th~ (5) and hence (7) can 6e 9 m ~  than (3) 1n 9enera1. 

(6) ha5 ~50 6een 5m~ed 1n [9, 1~. R wa5 5h0wn 1n [9] thm (6) 15 e4u~ t0 (2) under an unnatur~ 
a55umpt10n 0n the mu1t1~1c1ty 0f the 5 ~ 9 ~  v~ue5 0f 6( j~) .  A~er the p ~ m  paper wa5 5u6m1tte• [10] 
wa5 pu6f15hed, w~ch ~m0ved the ~5umpt10n. Hence the re5~t ~ [1~ ha5 pf10f1~ 0ver the p ~ m  0ne; 
h0weve~ ~e  pr00f ~ 5ect10n 2 15 ~ffe~m fr0m th~ 1n [10] and 15 6a5ed 0n the ~55 we11-kn0wn 6~  very 
de9am 7aka~ ~c~f12at10n ~,  pp. 204-205]. 

2. Dynam1c pertur6at10n 

7he0~m. Let  6 ~ ~ and 6 ~ = ~ ~ e n  

~f{11A11~: A ~ ~ , A  ~ d 1 a ~ U  - A 6 )  -1 ~ ~ }  = [[611~. 

Pr00£ R ~1~w5 fr0m (2) 1mme~ae~ ~ the ~ h a n d  ~de 15 9 ~ a ~  ~an 0r e4u~ t0 the f 1 9 ~ a n d  51de. 
Wh~ mm~n5 t0 6e 5h0wn 15 ~e  0 p p 0 ~  ~e4ua11~. A~ume th~ 6 15 m 6y m and ~ 11611~ = ~ [ 6 ( j ~ 0 ~  
~ r  50me m0 ~ [0,~x~]. 5~ce 6(jm0) 15 a ~ m p ~ x  ~mm~f1c m~f1~ R h ~  a 7aka~ ~0f12~10n 

6(jm0) = U 2 U  ~ 
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where U = [u~ u~ ..- u~ ] 15 un1tary and E = d1a9(a1,a2 . . . . .  6 m ) .  Here a1,~2 . . . . .  am are 51n9u1ar vNue5 0f 
6 ( j~0L 0rdered n0nmcreaNn91~ N0w wr1te 

u~ = [ut~e ~°~ ~t2e ~ ••• U1m e ~  ] 

5UCh th~ U~1 are reN and ~ ~ [0, n). N0t1Ce th~ 1fm0 = 0 0r 0C, then ~ = 0. Let 61 = (1/a~)~1, Where ~ 15 
an 1nner reN raf10na1 funCt10n 5UCh that ~( j~0)  = e j2~, and def1ne 

A = d1a9(6~,62 . . . . .  6 ~  

7hen 11A11~ = 1 / ~  = 11611~ ~ and 

9 - ~ m 0 ) 6 ( j , - 0 ~  = ~ -  2 ~ 0 ) u 5 u x 1 ~  = a~ - d 1 a 9 ( d ~ , ~  ~ . . . .  ,e~2°~)u~ = 0, 

where at mean5 the c0mp1ex c0~u9~e 0f u~. 7h15 1mp1~5 that Nther 1 - A6 15 n0t 1nvea161e 0r (1 - A6) -~ 
15 n0t 1n N ~ .  ~] 

~ P a r a m ~ c  pertur6at10n 

1n ~15 5ect10n, we c0n5tru~ an examp~ 0f 5ymm~f1c 6 wNch Nve5 

~f{a~(A): A 15 a reN 5ymm~r1c m~f1~(1 - A6) -~ ~ ~ /9~}  > 

C0nNder 

6(5) = [ -25(x(5 +0 1-)31 ) -2~5( 5 +0 1-~ 1 ) ] • 

C~ar1~ 6 15 5ymn~tr1C. 5~Ce 6 15 ~a90nN W1th ~pe~ed  Na90nN deme~5, ~ ~H0W5 ~0m [3] that 
~ [ 6 ~ m ~  = ~ [ 6 ( j ~ .  51mNe C0mpm~10n 5h0W5 th~ ~e  0Ny maX1m12er 0f a ~ [ 6 ~  15 m = 1 and 

[~ ~1~ 51nce the ~9enva~e5 0 fa  reN 5ymmetr1c m~f1x are Nway5 reN, the~ e ~ 5  n0 reN 6(j1 ) =  5ymm~r1c 
k 

~ ~ 

matr1x 5uch ~ d ~  - A6(j1)] = 0. 7N5 1mp~e5 ~at  

1nf{a~(A): A ~ N2x~,A~ = A , d ~ -  A6( j1~  = 0} = ~x~ > # ~ [ 6 ~ 1 ~  = 1. 

At ~ ¢  1, 

~f{a~(A): A ~ R~x~,A ~ = A , d ~ -  A 6 ~  = 0 } ~ [ 6 ( j ~  > a~1[6( j1~ = 1. 

Hence 

~f{a1(A): A ~ ~ x ~ , A ~ =  A , U -  A6)-~ ~ ~u f~}  > 1 =  {~{~}5up ~ , [ 6 ( j ~ ) ] }  -x.  

4. C0n~u~0n 

1n tN5 n0te, we have 5h0wn th~ f0r 5ymm~f1c 5y~em~ the r06u5tne55 anNyN5 f0r ce~Nn ~ructured 
dynam1c pertur6at10n5 15 a5 ea5y a5 that f0r un~ructured dynam1c pe~ur6~n5 .  7he re5u1~ are 5t~ed and 
pr0ved 6a5ed 0n the ~a611~y n0t10n 0f c0nt1nu0u5 t1me 5y~em5. H0weveL the re5u1~ have 06~0u5 ~5cre~- 
t1me c0unterpa~5 and can N50 6e extended t0 hande a m0re 9enerN ~a61f1ty n0t10n ~ term5 0f pNe ~cat10n5 
~ the c0mp~x Nm~. Fu~herm0re, n0n11near and t1me-vary1n9 peaur6at10n5 can N50 6e e a ~  1nc0rp0r~ed 
~ the a n N y ~  
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We N~ p m ~  N ~ r  e ~ e  ~ ~e m 6 u ~  ~Ny~5 ~r  5 t m c ~ d  ~mme~c  ~ r t u ~ 0 n 5  15 m~h  
m~e Nff1c~t ~an ~r  un5tmcm~d p~ame~c ~ u ~ 0 n ~  even when ~e Na~ N 5ymmetr1c. 
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