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A continuous-time system cannot be recovered solely from its uniformly sampled discrete-time model
through the zero-order hold discretization or step-invariant transformation, but our studies indicate
that it can be recovered uniquely from its non-uniformly sampled discrete-time model. In this
paper, we discuss some related issues of non-uniformly sampled systems, including model derivation,
controllability and observability, computation of single-rate models with different sampling periods,
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discrete-time systems. A numerical example is also given for illustration.
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1. Introduction

Consider a continuous-time system with the following state
space representation

p- x(t) Ax(t) + Bu(t), (1)
oy (@) Cx(t) 4+ Du(t),

where x(t) € R", u(t) € R and y(t) € R™ are the state,
input and output vectors, respectively; A € R™", B € R™,
C € R™" and D € R™" are constant matrices. Suppose that the
sampling interval is 7. By using the step-invariant transformation
or the zero-order hold (ZOH) discretization, i.e., taking u(t) =
u(kr),ktr <t < (k+ 1)t and sampling the system in (1) give
a discrete-time model (Chen & Francis, 1995):

b . {x(kf + 1) = Gyx(kt) + Fou(kt),
s

y(kt) = Cx(kt) + Du(kr), k=0,1,2,... (2)
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where x(kt) = X(t) lc=k7 , ¥ (kT) = Y (t) |t=kr , and
T
G, .= exp(Ar1), F, .= / exp(At)dtB. (3)
0

The discrete-time system P, is shown in Fig. 1, where H and S
denote the ZOH and sampler with the period 7, respectively. We
call P; a single-rate sampled-data system since there exists only
one sampling rate 1/t in the system. (Conventional sampled-data
systems are single-rate ones.)

On the reconstruction/identification of continuous-time sys-
tems based on discrete-time data, conventional sampled-data
methods use only one equidistant sampling interval, and hence the
continuous-time models obtained are non-unique, e.g., one is the
equivalent ramp invariant continuous-time model corresponding
to a given discrete-time one (Bingulac & Cooper, 1990). In order
to obtain a unique continuous-time model from a given discrete-
time model, one generally requires some further information of
the continuous-time system, e.g., pole locations (Sinha & Lastman,
1982).

It is well known that for a given continuous-time model P
and sampling period t, the corresponding discrete-time model
P, is unique, but for given t and P;, there exist infinite many
continuous-time models giving rise to the same discrete-time
model P;. Thus, one cannot recover or reconstruct the continuous-
time system from its discretized model P, and t without further
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Fig. 1. The discrete-time sampled-data system.
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Fig. 2. n+ 1 equidistant sampling schemes yielding the continuous-time system P.

information. Recent studies indicated that for given n + 1
sampling periods 74, 73, ..., Ty+1, the continuous-time model P,
with possibly complex matrix parameters, may be reconstructed
uniquely from the n+ 1 discrete-time models P,,,i = 1,2, ..., n+
1 (Chen & Miller, 2000); this case is illustrated in Fig. 2.

Using discrete-time system identification techniques (Ding &
Chen, 2005a,b, 2007; Goodwin & Sin, 1984; Ljung, 1999), it is
easy to identify the n 4+ 1 models P, from given (discrete-time)
input-output data; however, the difficulty lies in that we have to
conduct experiments for n + 1 sampled-data configurations with
different sampling periods. To simplify this process, we present a
sampling pattern shown in Fig. 3 in which the sampling instants
are spaced apart non-uniformly by 74, 73, .. ., 7441, and the whole
sampling process is repeated over the so-called frame period T =
71+ T2 + - -+ 4 Typ1 = tppr. It will be shown later that under this
sampling scheme, we can reconstruct the continuous-time model
from a single discretized model, thus combining n 4+ 1 different
identification experiments into one.

The non-uniformly sampling scheme proposed relates closely
to multirate sampling. Multirate systems have had wide applica-
tions in chemical and petroleum processes (Gudi, Shah, & Gray,
1994, 1995; Tatiraju, Soroush, & Mutharasan, 1999) and a series
of results have been achieved in theory, including controllability
and observability (Francis & Georgiou, 1988; Kreisselmeier, 1999),
robust control (Chen & Qiu, 1994), optimal control (Qiu & Chen,
1999), adaptive control (Ding & Chen, 2004a; Zhang, Middleton,
& Evans, 1989), predictive control (Scattolinis & Schiavoni, 1995;
Sheng, Chen, & Shah, 2002), modeling and identification (Ding &
Chen, 2004b,c, 2005¢,d; Ding, Chen, & Iwai, 2007; Ding & Ding,
2008), and so on.

In the area of multirate/non-uniformly sampled systems,
Francis and Georgiou (1988) presented the conditions of pre-
serving controllability/observability for sampled-data systems;
Kreisselmeier (1999) explored a multirate sampling scheme to
achieve observability/controllability in discrete-time systems, and
Sheng et al. (2002) further discussed the results in non-uniformly
sampled systems. Other studies of non-uniformly sampled systems
include the real-time control by Albertos and Crespo (1999), gener-
alized predictive control by Sheng et al. (2002), and subspace iden-
tification based fault detection and isolation by Li, Han, and Shah
(2006).

To the best of our knowledge, few contributions have addressed
modeling, estimation and reconstruction issues for non-uniformly

The first sampling period

sampled systems, which are the focus of this work. For the non-
uniformly sampling pattern depicted in Fig. 3, our objective is two-
fold:

e First, establish a mathematical model of the non-uniformly
sampled system from input u(kT + t;) to output y (kT + t;), and
study the related controllability and observability issues.

e Second, by means of a shift invariance property, derive each
single-rate model P, from the non-uniformly sampled system,
and from here reconstruct the continuous-time system. Finally,
develop identification algorithms for estimating the parameters
of the non-uniformly sampled system, based on the given
input-output data {u(kT + t;),y (kKT +t;) :i=1,2,...,n+1,
k=0,1,2,...}.

The rest of the paper is organized as follows. Section 2 derives
mathematical models for non-uniformly sampled systems from
continuous-time systems. Section 3 discusses the controllability
and observability of the non-uniformly sampled systems; Section 4
computes single-rate models from the non-uniformly sampled
models. Section 5 reconstructs the original continuous-time
systems based on the single-rate discrete-time models obtained.
Section 6 discusses the identification issues for non-uniformly
sampled systems. Section 7 presents an illustrative example
validating the methods proposed. Finally, Section 8 offers some
concluding remarks.

2. Model derivations

This paper focuses on a class of non-uniformly (multirate)
sampled systems depicted in Fig. 4, the input updating and output
sampling pattern being shown in Fig. 3, where P is a continuous-
time process with the representation in (1), # and § denote the
non-uniform ZOH and sampler with the following characteristics:

u(kT), kT <t < kT + t4,
u(kT—i—ﬁ), l(T+t1 <t< kT+t2,
ut)y =1 .

u(kT +t,), KT +t,<t< (k+ 1T,

withy (KT +6;) = y(t) |ikr4q,i=0,1,...,n,andk =0,1,2,....
{r1, T2, ..., Tup1} are the updating and sampling intervals, t =
kT + t; are the updating and sampling instants and T = 71 +
T+ -+ 4+ Ty = tpyr is the frame period, where t, = 0,
ti=t_1+ 717 =71+ 12 + -+ 1. The control input u is updated
n + 1 times at the instantst = kT +t; (i = 0, 1, ..., n) over the
kth period [kT, (k + 1)T) and the output y is sampled n + 1 times
at the instants t = kT +t; (i = 0, 1, ..., n) over the kth period
[KT, (k + 1)T). This is the non-uniform updating and sampling
scheme.

Next, we derive a mathematical model of the non-uniformly
sampled system in Fig. 4. Integrating (1) fromt = kT tot = kT +t;
gives
x(kT + t;) = exp(At;)x(kT)

kT+t;
+ / exp[A(KT + t; — s)]|Bu(s)ds
KT

= exp(At;))x(kT)

i KT+t
+ Z/ exp[A(KT + t; — s)]|Bds
j=1 KT+tj—q

x u(kT + t]‘_1).

The kth sampling period

T1 : T2 : s . Tn+1 l | I

. T RS L Tl == P

t=0 {1 ta tn T

kT kT + 1t

KT +ta kTHtn (+1)T --- ¢

Fig. 3. A non-uniformly sampling scheme yielding the continuous-time system P.
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A change of variable t = kT 4 t; — s yields

exp(AL)X(KT) + ) _ exp[A(t; — )]

x(kT +t;) =

j=1
Tj
X / exp(At)dtBu(kT + tj_1)
0
i
= Gx(kT) + Y _ explA(t; — ;) IFyu(kT + t;_y).
j=1
where

G =exp(At;)) e R™", i=1,2,...,n+1,
G := Gy = exp(AT) = exp(At,y1) € RV,

T
F, ::/ exp(At)dtB € R™".
0

Define
F; .= exp(A(T — t))F;; = GGi_]Fr; € R, )
F =[F,F, ... Fy] RO
u(kT)

u(kT + t;)
u(kT) = | BT +8) | ¢ gotor

u(kT + t,)

(The non-uniformly stacked input vector). (5)

Wheni=n+ 1, we have

X(KT +T) = x(kT + tyy1)
n+1
= Gx(KT) + Y _ explA(T — ) IFyu(KT + t;_1)
j=1
= Gx(kT) + Fu(kT).

The outputs at the sampling instants can be expressed as

y(kT + t;) = Cx(KT + t;) + Du(kT + t;)
- CGx(KT) + Hau(kT),

where
D; = (GG 'F,, e R™, j=1,2,....1,
H; = [D;y,Dp, ..., Dy, D,0,...,0] € R™0+Dr

Hence, we get a mathematical model of the non-uniformly
sampled system as follows:

P x(kT +T) [G|F x(kT) 6
"l ykD) _[F H][u(kn]’ (

=

where
C C
CG, C exp(Aty)
r= CGy | _ | Cexp(Aty) e Rn+Dmxn
CG, C exp(Aty)
Hy
H,

H, c R(n+l)m><(n+l)r’

H;

u(t) ¥®) [ 5 |... 2%

............ ~ H P

Fig. 4. The non-uniformly sampling systems.

y(kT)
YT +t1)

y(kT) = YKT + 1) | ¢ gr+Dm

Yy(kT +t,)
(The non-uniformly stacked output vector).

In order to identify the parameters of this model from the
input-output data, the system in (6) needs to be controllable
and observable. The next section is devoted to the study of
controllability and observability of the model in (6).

3. Controllability and observability

For conventional single-rate sampled-data systems, it is well
known that the process of discretization may result in loss of
controllability and observability, and cannot gain controllability
and observability (Chen & Francis, 1995). For non-uniformly
sampled systems, assume controllability and observability of
the continuous-time model in (1); under what conditions the
controllability and observability are preserved for the model in (6)?

The sampling frequency ws := 27” is pathological (relative to A)
if A has two eigenvalues with equal real parts and imaginary parts
that differ by an integer multiple of ws. Otherwise, the sampling
frequency is non-pathological, i.e, A; — A; # 4 2kl (k =
1,2, ...) for any two eigenvalues, A; and A;, of A (Chen & Francis,
1995).

Lemma 1 (Chen & Francis, 1995). Suppose that the continuous-time
system P in (1) is controllable and observable. The discrete-time model
P; in (2)is also controllable and observable if the sampling period t is
non-pathological.

The proof can be found in Chen and Francis (1995). The
conclusion of Lemma 1 can be extended to non-uniformly sampled
systems.

Lemma 2. For the non-uniformly sampled discrete-time model P, in
(6), if no two eigenvalues of A, say, A; and A;, satisfy the equality,

2kmA/—1
T

A—dj=% ., k=1,2,3,... (7)

then observability of (C, A) implies that of (I, G) and controllability
of (A, B) implies that of (G, F).

Proof. This proof is similar to that of the single-rate case (Chen &
Francis, 1995).

The observability of (C, A) implies that for any eigenvalue A
of A,

rank [M”C_ A] =n. (8)

Define the function,
exp(Ts) — exp(TA)
S—A
which is analytic since the pole at s = A is cancelled by a zero

there. According to (7), we can draw that the zeros of f(s) is not
the eigenvalues of A. Since the eigenvalues of the matrix f (A) are

f(s) =
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precisely the values of f (s) at the eigenvalues of A, so s = 0 is not
an eigenvalue of f (A), then f (A) is invertible. From the equality,

exp(Ts) — exp(TA) = f(s)(s — A),

we have

G — exp(TMVI, = f(A)(A — AlL),

note that the eigenvalue of G is exp(TA). Thus,

Al — A
C
exp(TVL, =G| _ |f(A) 0 CG;
r 0  Iniiym :
CG,
Since
rank f@A) 0 =Mm+1)m-+n,
0 Intim

using (8), we have

rank [exp(mr)ln - c} .

This implies observability of (I, G). The proof of controllability is
similar and is omitted here. O

The proof of controllability and observability can be found
in Francis and Georgiou (1988) and Ding and Chen (2005d) for
uniformly sampled dual-rate systems and in Sheng et al. (2002) for
non-uniformly sampled ones.

Lemma 2 shows that the choice of the frame sampling period
T is apparently important for non-uniformly sampled systems
to preserve controllability and observability of continuous-time
systems. However, even if the condition in Lemma 2 is not satisfied
(then T is called pathological), by proper choice of the sampling
instants t;, controllability and observability of P, can still be
preserved. Let us illustrate this by an example.

Consider a second-order system (n = 2) with

@ 0
The pair (A, C) is in the observable canonical form and thus is
observable. A has two eigenvalues +w+/—1, so T = 271)1 is a
pathological sampling period.
It is easily seen that (C, G;) is not observable for the uniformly

A=|:_0 ]], C=1[1,0], w=>0.

sampling pattern with the sampling period 7 = %’ For the non-
uniformly sampling case, let t; < g Ty = % — T, T3 = g Hence,
h=Ttbhb=T1+T=2t3=1+17+13 =2 =T.Note that
T is pathological. One can check that
C
C exp(Aty)
r| C exp(Aty) .

rank |:I‘G:| - C exp(AT) 2=n

C exp(Aty) exp(AT)

C exp(At,) exp(AT)

Thus, (T, G) is observable.
A general result is stated below.

Lemma 3. Suppose that the continuous-time system P in (1) is
controllable and observable. For the non-uniformly sampling pattern
in Fig. 3 and any frame period T, let 1y = 7 = -+ = T, = T
and assume that T”T—;l is irrational, then the non-uniformly sampled
system P, in (6) is always controllable and observable even if both the
frame period T and sampling interval to are pathological.

The proof can be done in a similar way as in Kreisselmeier
(1999).

4. Computation of single-rate models

Assume that using some identification method, we have
identified the parameter matrices (G,F,T,H) of the non-
uniformly sampled system P, in (6), a natural question is from
here how to find the n + 1 single-rate system models P, with
sampling periods ;. To get Py, from P, in state-space data, we need
to compute (G, F;;, C, D) from (G, F, I', H) according to (3). This
is accomplished in a few steps.

4.1. Computation of C and D

According to the structures of I and H, C can be read directly
from the first block row (first m rows) of I', and D from the (1, 1)
block (first m rows and first r columns) of H. However, we note that
D appears in H in (n + 1) sub-blocks. In order to reduce numerical
computation errors, we may take their average as D, i.e.,

1 n+1

D= H(im—m+41:im,ir —r +1:ir),

where the notation H(i : j,p q) denotes the sub-matrix
consisting of rows i to j and columns p to q of H.

4.2. Computation of G

By formulating the extended observability matrix using ' and G
or the extended controllability matrix using G and F, the matrices
G, can be computed by the shift invariance structure. The following
is to give an approach to compute G,. More specifically, define the
extended observability matrix

— C -—
C exp(Aty)
C exp(Aty)

C exp(Aty)
i r T CG
G CG exp(Aty)

rc? CG exp(Aty)

CG exp(Aty)

rGv
| CG" exp(Aty41)

GV
CGN exp(Aty)
CGN exp(Aty)

L CGN exp(At;41)

whichis formed by I' and G obtained by identification and assumed
to be known. Likewise, use the entries of Q, to form the matrices

C exp(At;)
CG exp(At;)

2
r=| CCTexp@AL) | g <j<ngq,

CGN exp(At;)

which are also available, noting that G = exp(At,1). It follows
easily that
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I =TyexpAt;), 1<i<n+41,
and
I=T;_1exp(At)), 1<i<n+1.

Using the assumptions of observability and that the sampling
intervals t; is non-pathological, the matrices I'; have full column-
rank for N > n — 1. Thus, matrices exp(At;) and exp(Ar;) are given
by

exp(At) = (TgTo) 'IpTy, i=1,2,...,n, (9)

and

G, =exp(At) = (T} ;Ti) 'T Ty, i=1,2,....,n+1,

where the superscript T is the transpose. Of course, G;; may be also
obtained by post-multiplying (9) by exp(—At;_1).

4.3. Computation of F

From the definition of F; in (4), we have
F, = exp(—AT)G;F; = G~ ' exp(At;)F;,
F

Tn+1

since G and F = [Fy, F;, ..., F,] are obtained by identification
and exp(At;) are available by (9).

We comment that when the single-rate models P are
computed from P,, the assumptions of observability (I'; having
full column-rank) or non-pathological conditions of 7; and T
are required because one desires the single-rate models P;, =
(G, F;, C, D) to be observable, although this is not needed to
preserve the observability of P;,.

i=1,2,...,n,

= G ' exp(Atys1)Fns1 = Foy1,

5. Reconstruction of continuous-time systems

Recovery of the continuous-time P from P; is to determine the
matrices (A, B, C, D). The matrices C and D were obtained in the
preceding section; in this section, we discuss how to find A and
B. From (2) and (3), the key of reconstructing the continuous-time
system P = (A, B, C, D) is to compute the matrix A from P, =
(G., F;, C,D).Once A is available, B is easily computed from (3) by

T -1
B= [/ exp(At)dt] F,
0

since this integral matrix is invertible under the non-pathological
condition.

According to Chen and Miller (2000), the key of finding A
is to obtain the eigenvalues of A, or the poles of P [the poles
of the transfer matrix C(sI — A)~'B + D, if it is controllable
and observable]. The details are as follows. Since the function
f(s) = €°is an analytic function over the entire complex plane,
by the Spectral Mapping Theorem, the eigenvalues of f(A) equal
the values of f(s) at the eigenvalues of A. Thus, from (3), the
eigenvalues A;[A] of A and eigenvalues A;[G;] of G, have the
mapping relation:

G: = exp(A71) = Ai[G] = exp(Ai[AT]),

Since €’ is periodic with period j27, i.e., exp(s 4 j27) = e° where
j = +/—1, from the above equation, the possible eigenvalues of A
are

i=1,2,...,n.

1 1 i2k
MIA] = ~Ln{A(6,]} = ~ In{[G.]} + J% kez,

where Z denotes the set of integers, In{)\;[G;]} is the principal
logarithm of Ln{);[G;]} and —7 < arg{A;[G;]} < 7.

Define the eigenvalue set of A as follows:

. 1 j2km
Eig, = { — In{A[G. ]} + —— :i=1,2,...,n, ke Z;.
T T

From (3), if one knows that A has all real eigenvalues, then so
has G;. This can help eliminate every element of Eig, except
the real element %ln{ki[Gf]}, i = 1,2,...,n In such a
case, the eigenvalues of A can be determined uniquely from its
corresponding single discrete-time P, or G;. To allow complex
eigenvalues in A, suppose we know an upper bound, wp.y, for the
imaginary parts of eigenvalues 1;[A], i.e.,

Im(A;[A]) < Wmax,

Then if we sample fast enough, reconstruction of eigenvalues of
A is possible from its corresponding single discrete-time P;. In
fact, P is reconstructible if the sampling period T < 7/wmax
because the upper bound can be used to show that Eig, has exactly
n elements. This is reminiscent of the well-known Shannon’s
Sampling theorem. However, from here we also know that the
poles of the continuous-time P cannot be uniquely determined
from the poles of its single discrete-time P, without other
information such as the pole locations as above.

The purpose here is to recover P by introducing several
discretized models P,j = (G,j, F,j, C, D) for different choices of
7;; but, how to choose these sampling periods 7; so that from
these models P;, we can reconstruct P? That is, can one determine
the poles of the continuous-time system P or the eigenvalues of
A uniquely from several G by appropriately choosing sampling
periods 7j,j = 1, 2, ..., [? The answer is yes. The system Gy's give
rise to the (possible) eigenvalue set of A as follows:

i=1,2,...,n.

. 1 j2km .
Eig,. = { —In{A[G. ]} +——,i=1,2,...,n, ke Z},
oy ! 7

ji=1,2,...,1L

If their intersection set

Eig,, [\ Eig,, [ |- ) Eigq (10)

has exactly n elements by choosing the sampling periods T;
properly, then the eigenvalues of A are reconstructible. Clearly,
the choice of sampling periods plays an important role in the
reconstruction of P. This can be summarized as the following
lemma.

Lemma 4. For at most n+ 1sampling periods7; = 1,2,...,n+
1), the eigenvalues A;[A] of the continuous-time system can be
uniquely determined from the set in (10) if the ratios of any two of
T; are irrational.

Proof. If we can prove that the eigenvalue intersection set of A,

Eigl’] m Eigrz m T m Eigfn+1 ’

has exactly n elements {i1, 2, ..., iy}, then the conclusion of
Lemma 4 is true. So suppose that it does not, i.e., that there exists
a u in this set which is not in {u1, 2, ..., un}. Then from the

definition of Eigrj, there must exist iy, iz, ..., i1 € {1,2,...,n}
and kq, ka, . .., kny1 € Z satisfying
_27'[](1 _27'[](2 ,27‘[’( +1
W= Wi +) = Wi ) Z"'Zﬂinﬂ-f-Jin'
T1 7] Tn1
Thus,
Re(ui;) = Re(ui,) = - -+ = Re(i,,,)-

It follows that two of the Wi's must be equal; without loss of
generality we assume that p;, = u;,. Hence

2 kz

T Ty

2]'[’(1
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Due to the assumption that u is not an eigenvalue of A, neither k;
nor k, can be zero, which means that

T1 k]

T o kz ’

a rational number. This is a contradiction. Hence Lemma 4 is
proven. 0O

Once the eigenvalues );[A] of A are found, it is relatively routine
to compute A from G,. The following is to give a way to find A
from G,. When A has n distinct eigenvalues, so does G, because
T is non-pathological with respect to A; then G; and A share same
eigenvectors. Let T be the matrix consisting of the eigenvectors of
G, and

MG, ]
A =
AnlGe]
We have

1 1 1 .
A = —Ln[G;] = —Ln[TAT '] = —TLn[A]T
T T T
Ln{\[G 1}'7*
T .
Ln{An[G.1}'/"
Replacing Ln{;[G.]}"/* by A;[A] yields
A[A]
A=T T
AnlA]

Il
~)

Since G, has been obtained in the preceding section, T can be
computed according to G;.

If A is not diagonalizable, but A and G, have the same Jordan
structure, by which we can find A from G;.

6. Parameter identification algorithms

In the preceding two sections, assuming that the parameter
matrices (G, F, ', H) of the non-uniformly sampled system in
(6) are known, we have discussed computation of the single-
rate models with different sampling intervals and recovery of
the continuous-time system. Next, we develop the identification
algorithms for non-uniformly sampled systems, including the two
cases with either known or unknown states.

6.1. The case with known state

In practice, the system output and/or states are often contam-
inated by disturbances and after introducing uncorrelated noise
vectors {w(kT), v(kT)}, the system in (6) becomes

. x(kT +T) :[G p:||'x(kT)j|+|'w(kT)'|'
y(kT) T[H || ukr) ] | vin) |

Define the parameter matrix 6, information vector ¢q(kT),
generalized output vector Z,(kT) and noise vector E (kT) as

G F x(kT)
ot — [r H] 0o (KT) = [y(kT)]’

Zo(kT) = [x(kr + T)] , E(T) = [w(kr)] _

(11)

Y(kT) v(kT)
The system in (11) may be written as a linear regression model,

Zo(kT) = 0"y (kT) + E(KT). (12)

Suppose the input and output data are available and persistently
exciting. If the system states x(kT) are measured [i.e., Z(kT) and
@, (kT) are known], then the parameter matrix 6 can be estimated
by the least squares algorithm:

O(KT +T) = O(KT) + Po(KT + T)gy(KT)
x [Z)(KT) — @} (KT)B(KT)], (13)

Po(KT) @, (KT) @} (KT)Po (KT)
14 @f(KT)Po(kT)@, (KT)

Py(kT 4+ T) = Py(kT) — (14)

where Py (kT) denotes the covariance matrix and 9(kT) represents
the estimate of § with

[é(kT) F(kT)

G F ]:if(kr).
Py AT

6.2. The case with unknown states

If the states are not measured, it is clear that the identification
expression in (12) contains both the unknown state vector x(kT)
in @,(kT) and unknown parameter matrix # and thus, the least
squares algorithm in (13) and (14) cannot be applied to identify
the models in (12). In order to identify/estimate the parameter
matrix @ and state vector x(kT), we derive combined state and
parameter estimation algorithms according to the hierarchical
identification principle (Ding & Chen, 2005a,b,d). The basic idea
is as follows: when recursive estimating the parameter matrix
0, the unknown state vector x(kT) in ¢, (kT) is replaced by its
corresponding estimate X(kT), and ¢, (kT) by @(kT); in the same
way, when estimating the state vector x(kT + T), the unknown
parameter matrix @ is also replaced by its estimates 9(I<T). Based on
this idea, we easily derive the following hierarchical identification
algorithm consisting of both parameter and state estimation steps
as follows.

e The first step: The state estimation algorithm
Let (kT) be the estimates of x(kT). Assume that at time kT,
we have gotten the estimates X(kT) and input-output u(kT) and

Y(kT), and parameter estimation @(kT) obtained in the second
step:

éT(kT) _ [G(kT) F(kT)] _ (15)

T(kT) H(KT)

Replacing unknown (G, F,T,H) in (11) by the estimates
(G(kT), F(kT), f‘(kT),H(kT)). Applying the Kalman filtering
principle to (11), it is easy to derive the estimation algorithm
of the state x(kT + T):

R(KT +T) = GKT)R(KT) + F(KT)u(kT) + L; (KT)[y (kT)
— D(KT)R(KT) — H(KT)u(kT)1, (16)

L,(kT) = G(KT)P,(KT)T" (kT)
x [Ry 4+ E(kT)P,(KT)E' (KT)]~", (17)

Py (kT +T) = [G(KT) — L, (kT)T'(kT)]
x Py(KT)G"(KT) + Ry, (18)

where L;(kT) and P;(kT) are the algorithm gain and covari-
ance matrix, respectively, the estimates (é(kT), F (kT), f‘(kT),
ﬁ(kT)) of (G,F, T, H) are formed by using the entries of the
obtained 9(kT) by (15) in the second step, and the covariance
matrices R, and R,, of w(kT) and v(kT) are replaced by their
estimates,
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. 1& R R
Ry (T) = o Y [RGT +T) — G(KTIAGT) — F(kT)u(T)]
i=1

x [R(T + T) — G(kT)&(T) — F(kTu(T)|", (19)

. LI S .
RKT) = o > “ly(T) — T(kT)RGT) — H(KT)u(T)]
i=1
x [y(T) — F(kT)XGT) — HKT)u(T)]". (20)

The state estimatorin (16)-(20) is derived by using the obtained
parameter estimates based on the Kalman filtering principle.
But this estimator involves heavy computational efforts; for
computational efficiency, a stochastic approximation algorithm
may be used for state estimation without computing the
covariance matrices:

R(T +T) = G(KDRKT) + F(T)u(kT) + p(kT)T (kT)[y (kT)
— T'(KT)X(KT) — H(KT)u(kT)], (21)

where o (kT) is the convergence factor satisfying

sz(kT) < 00.

k=1

p(kT) = 0. Y p(kT) = oo,
k=1

e The second step: The parameter estimation algorithm
Using X(kT + T), (kT), u(kT) and y(kT) to form ¢(kT) and
Z(kT) as

X x(I
oar =MD ]. zan = [F0ET] (22)

which are available, replacing ¢, (kT) and Zy(kT) in (12) by
@(kT) and Z (kT), and applying the least squares principle lead
to the estimation algorithm of the parameter matrix 6:

OKT +T) = O(KT) + Po(kT + T)@(kT)
x [Z"(kT) — @" (KT)B(KT)], (23)
P, (kKT)@(kT)@" (KT)P, (KT)

Po(KT +T) = Py(kT) — = TP, KTp () (24)

[9(”) F ("T)} = 0" (kT). (25)
L'(kT) H(KT)

To initialize the above algorithms, we take P;(0) = pol (i =
0, 1, 2) with py normally a large positive number (e.g., po = 10°),
and %(0) and 6(0) some small real vectors, e.g., X(0) = 1/pg and
9(0) = 1/po with 1 being an column vector/matrix, of appropriate
sizes, whose elements are all 1.

The combined parameter and state estimation algorithm in
(16)-(20) and (22)-(25) or (21)-(25) performs a hierarchical
computation process with k increasing because the state estimates
Xx(kT +T) depend not only on the previous estimates X(kT) but also
on the parameter estimates 9(I<T), and the parameter estimates
9(kT + T) depend not only on the previous estimates 9(I<T) but
also on the state estimates X¥(kT). Thus, this algorithm is referred
to as the hierarchical identification algorithm for non-uniformly
sampled systems.

The state estimation is very useful for designing state feedback.
This combined state and parameter estimation algorithm for non-
uniformly sampled systems can be regarded as the extension of
that for general dual-rate sampled-data systems (Ding & Chen,
2005d).

0.15 T T T

o e e |
0 L L L L L L " L 2
0 100 200 300 400 500 600 700 800 900 1000

kT/s

Fig. 5. The parameter estimation error § vs. kT.
7. Example

Consider the system depicted in Fig. 4 with the process model P,
s+0.8

s2+0.8s+ 0.8

which has the following state space realization,

P(s) =

x(t) = _0'? —o.g} x(t) + [5] u(t),

y(t) = [1, 0.8]x(¢).

Lett; =+2—1s,t, =1=Ts,ie,1; =t 7, =2 — /2 s. Dis-
cretizing this example system and introducing the noise vectors,
we get

0.22659 —0.48086
XkI'+T) = 960107  0.70745 | ¥kD)
. [0.15443 0.44665 (k)
022129 0.1444 | |u(kT + t)
+w(kT),
y(kT) _ 1 0.8
|:y(kT+t1) = 10.93905 0.47557 | ¥*D)
[ oo o) wem
0.40553 0| |u(kT +t;)
+ v(KT).

The identification procedure is summarized as follows: First, we
use the idinput function in Matlab to generate a random signal se-
quence with zero mean and unit variance as the input signal and
two uncorrelated noise sequences with zero mean and variances
o2 = 0.1%2 as w(kT) and v(kT), and then compute the states and
outputs. Second, based on the input-output and state data with
corrupted noises, we apply the identification algorithm in the pre-
ceding section to estimate the parameters of the non-uniformly
sampled system. The parameter estimation error § versus kT is
shown in Fig. 5, where § := ||9(I<T) —0|/1611(I1X]1> == tr[XXT]),
0 represents the true parameter matrix, 9(kT) the estimate of 6.
The identification results are as follows. The estimated system
matrices:

s 0.23336 —0.47827 ~ 10.15635 0.44578
~10.60267 0.71027 |’ ~10.22443 0.14320 ("
P 1.00020 0.79904 = 0.00466 0.00037
7 10.93456 0.47766 |’ ~10.40294 0.00125 |*

The eigenvalues of G:

A[G] = {0.79877 + j0.26836, 0.79877 — j0.26836}.
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Fig. 6. The step responses of the original system and the estimated model.

The transform matrix:

T — [—0.29544 +j0.59596

—0.29544 — j0.59596
0.74669

0.74669

The eigenvalues of A:

{A1[A], A2[A]} = {—0.39484 + j0.79505, —0.39484 — j0.79505}.

The estimated parameter matrices of the continuous-time system:

i T[xl[iﬂ } =
22[A]
_ [-0.78897 —0.79050

0.99613 —0.00071 "

T -1
) . . . 0.99652
B= [f exp(At)dt] [FC, D) +F(,2)] = [0 00358]’

i .

¢ =I'(1,:) = [1.00020, 0.79904].
D=1[H(1,1) 4+ H(2,2)]/2 = 0.00296.
The estimated transfer function:
P(s) = C[s —A]"'B+D
0.002965s% + 1.002s + 0.7956
s2 +0.7897s + 0.788

Fig. 6 compares step responses of the two systems P(s) and 13(5).
From Figs. 5 and 6, we can see that the parameter estimation er-
ror § is becoming smaller (in general) as the number of iterations
(k) increase, and the step response of the estimated model 13(5) is
very close to that of the original system P(s). This indicates that the
estimated model can capture the process dynamics very well and
can achieve satisfactory results.

For the system with unknown parameters, it is impossible
to know beforehand that D equals zero, so we must estimate
D. Otherwise, D does not require identifying and the estimated
transfer function will be:

s+ 0.7933
s2 +0.7897s + 0.788°

The step responses of P(s) and 130 (s) in Fig. 7 are also very close.

Po(s) =

8. Conclusions

This paper addresses some related issues of non-uniformly
sampled systems, including computation of single-rate models
with different sampling periods and recovery of the continuous-
time systems from their non-uniformly sampled systems. It

1.5 T T

05 ]

0 1 L
0 5 10 15

t/'s
Solid line: The output of P(s);
Dots: The outputs of the estimated model 1'50(5)

Fig. 7. The step responses of the original system and the estimated model with
D=0.

is shown that a continuous-time system can be reconstructed
uniquely from its non-uniformly sampled discrete-time model.
Finally, parameter identification algorithms for non-uniformly
sampled discrete-time systems are developed.

Acknowledgements

This work was supported by the Hong Kong Research Grants
Council 618906, the Natural Sciences and Engineering Research
Council of Canada, the National Natural Science Foundation
of China, the 111 Project (B08015) and the Natural Science
Foundation of Jiangsu Province (China, BK2007017) and by
Program for Innovative Research Team of Jiangnan University.

References

Albertos, P., & Crespo, A. (1999). Real-time control of non-uniformly sampled
systems. Control Engineering Practice, 7, 445-458.

Bingulac, S., & Cooper, D. L. (1990). Derivation of discrete and continuous time ramp
invariant representations. Electronics Letters, 26(10), 664-666.

Chen, T. & Francis, B. (1995). Optimal sampled-data control systems. London:
Springer-Verlag.

Chen, T., & Miller, D. (2000). Reconstruction of continuous-time systems from their
discretizations. IEEE Transactions on Automatic Control, 45(10), 1914-1917.
Chen, T., & Qiu, L. (1994). H,, design of general multirate sampled-data control

systems. Automatica, 30(7), 1139-1152.

Ding, F., & Chen, T. (2004a). Least squares based self-tuning control of dual-rate
systems. International Journal of Adaptive Control and Signal Processing, 18(8),
697-714.

Ding, F., & Chen, T. (2004b). Identification of dual-rate systems based on finite
impulse response models. International Journal of Adaptive Control and Signal
Processing, 18(7), 589-598.

Ding, F., & Chen, T. (2004c). Combined parameter and output estimation of dual-rate
systems using an auxiliary model. Automatica, 40(10), 1739-1748.

Ding, F, & Chen, T. (2005a). Hierarchical gradient-based identification of
multivariable discrete-time systems. Automatica, 41(2), 315-325.

Ding, F., & Chen, T. (2005b). Hierarchical least squares identification methods for
multivariable systems. IEEE Transactions on Automatic Control, 50(3), 397-402.

Ding, F., & Chen, T. (2005c). Parameter estimation of dual-rate stochastic systems
by using an output error method. I[EEE Transactions on Automatic Control, 50(9),
1436-1441.

Ding, F., & Chen, T. (2005d). Hierarchical identification of lifted state-space models
for general dual-rate systems. IEEE Transactions on Circuits and Systems-I:
Regular Papers, 52(6), 1179-1187.

Ding, F., & Chen, T. (2007). Performance analysis of multi-innovation gradient type
identification methods. Automatica, 43(1), 1-14.

Ding, F., Chen, T., & Iwai, Z. (2007). Adaptive digital control of Hammerstein
nonlinear systems with limited output sampling. SIAM Journal on Control and
Optimization, 45(6), 2257-2276.

Ding, ]., & Ding, F. (2008). The residual based extended least squares identification
method for dual-rate systems. Computers Mathematics with Applications, 56(6),
1479-1487.

Francis, B. A., & Georgiou, T. T. (1988). Stability theory for linear time-invariant
plants with periodic digital controllers. IEEE Transactions on Automatic Control,
33(9), 820-832.



332 F. Ding et al. / Automatica 45 (2009) 324-332

Goodwin, G. C, & Sin, K. S. (1984). Adaptive filtering, prediction and control.
Englewood Cliffs, NJ: Prentice-Hall.

Gudi,R.D.,Shah, S.L., & Gray, M. R. (1994). Multirate state and parameter estimation
in an antibiotic fermentation with delayed measurements. Biotechnology and
Bioengineering, 44(11), 1271-1278.

Gudi, R. D., Shah, S. L., & Gray, M. R. (1995). Adaptive multirate state and parameter
estimation strategies with application to a bioreactor. AIChE Journal, 41(11),
2451-2464.

Kreisselmeier, G. (1999). On sampling without loss of observability/controllability.
IEEE Transactions on Automatic Control, 44(5), 1021-1025.

Li, W,, Han, Z., & Shah, S. L. (2006). Subspace identification for FDI in systems with
non-uniformly sampled multirate data. Automatica, 42(4), 619-627.

Ljung, L. (1999). System identification: Theory for the user (2nd Ed.). Englewood Cliffs,
NJ: Prentice-Hall.

Qiu, L., & Chen, T. (1999). Multirate sampled-data systems: All H,, suboptimal
controllers and the minimum entropy controller. IEEE Transactions on Automatic
Control, 44(3), 537-550.

Scattolini, R., & Schiavoni, N. (1995). A multirate model-based predictive controller.
IEEE Transactions on Automatic Control, 40, 1093-1097.

Sheng, J., Chen, T., & Shah, S. L. (2002). Generalized predictive control for non-
uniformly sampled systems. Journal of Process Control, 12(8), 875-885.

Sinha, N. K., & Lastman, G. ]. (1982). Identification of continuous-time multivariable
systems from sampled data. International Journal of Control, 35(1), 117-126.
Tatiraju, S., Soroush, M., & Mutharasan, R. (1999). Multirate nonlinear state and
parameter estimation in a bioreactor. Biotechnology and Bioengineering, 63(1),

22-32.

Zhang, C., Middleton, R. H., & Evans, R.]. (1989). An algorithm for multirate sampling

adaptive control. I[EEE Transactions on Automatic Control, 34, 792-795.

Feng Ding was born in Guangshui, Hubei Province. He
received the B.Sc. degree from the Hubei University
of Technology (Wuhan, China) in 1984, and the M.Sc.
and Ph.D. degrees in automatic control both from the
Department of Automation, Tsinghua University in 1991
'y and 1994, respectively.
- From 1984 to 1988, he was an Electrical Engineer at the
— Hubei Pharmaceutical Factory, Xiangfan, China. From 1994
4 to 2002, he was with the Department of Automation at the
A ) . Tsinghua University, Beijing, China and he was a Research
I i Associate at the University of Alberta, Edmonton, Canada

b

from 2002 to 2005.
He is now a Full Professor in the Control Science and Engineering Research
Center at the Jiangnan University, Wuxi, China. His current research interests

include model identification and adaptive control. He co-authored the book
Adaptive Control Systems (Tsinghua University Press, Beijing, 2002), and published
over 100 papers on modeling and identification as the first author.

Li Qiu received the B.Eng. degree from Hunan University,
Changsha, Hunan, China, in 1981, and the M.A.Sc. and
Ph.D. degrees from the University of Toronto, Toronto,
., Ont, Canada, in 1987 and 1990, respectively, all in
electrical engineering. He joined Hong Kong University of
Science and Technology, Hong Kong SAR, China, in 1993,
where he is now a professor of Electronic and Computer
Engineering.

Prof. Qiu’s research interests include system, control,
information theory, and mathematics for information
technology. He served as an associate editor of the IEEE

Transactions on Automatic Control and an associate editor of Automatica. He is now
a Distinguished Lecturer of IEEE Control Systems Society and the general chair of
the 7th Asian Control Conference, which is to be held in Hong Kong in 2009. He is a
fellow of IEEE.

Tongwen Chen received the B.Eng. degree in Automation
and Instrumentation from Tsinghua University (Beijing)
in 1984, and the M.A.Sc. and Ph.D. degrees in Electrical
Engineering from the University of Toronto in 1988
] \ and 1991, respectively. From 1991 to 1997, he was

L an Assistant/Associate Professor in the Department of
Electrical and Computer Engineering at the University
of Calgary, Canada. Since 1997, he has been with the
Department of Electrical and Computer Engineering at the
13 4 University of Alberta, Edmonton, Canada, and is presently
: a Professor. He has held visiting positions at the Hong
Kong University of Science and Technology, Kumamoto University, And Northeast
University.

His research interests include computer- and network-based control systems,
process control, multirate digital signal processing, and their applications to
industrial problems. He co-authored with B.A. Francis the book Optimal Sampled-
Data Control Systems (Springer, 1995). Dr. Chen received a McCalla Professorship
for 2000-2001 and a Killam Professorship for 2006-2007, both from the University
of Alberta, and a Fellowship from the Japan Society for the Promotion of Science
for 2004. He was elected an IEEE Fellow in 2005. He has served as an Associate
Editor for several international journals, including IEEE Transactions on Automatic
Control, Automatica, Systems and Control Letters, and Journal of Control Science
and Engineering. He is a registered Professional Engineer in Alberta, Canada.




