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Abstract: Compressed Hankel matrix is given by using orthonormal rational functions con-
structed from the Jury table. The solutions to the optimal and suboptimal Nehari problems via
the compressed Hankel matrix are also given. Robust stabilization problem is reduced to the
Nehari problem, so it can also be solved via Jury table.
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1. Introduction

In this paper, we first study Hankel operator and the
Nehari problems using the Jury table. After that we
reduce the robust stabilization problem to the Nehari
problem, so it can also be solved via Jury table.

The motivation is to develop elementary solutions to
advanced optimal control problems so to make the ad-
vanced optimal control accessible to a wider audience.
These new investigation of the connection between ad-
vanced optimal and robust control problems and the
classical tools yield the solution to the Nehari problems.
Since the problem plays a fundamental role in Hy, op-
timal control theory, its elementary solution opens the
door for a simple, polynomial approach to H,, optimal
control theory. Similar study for continuous time sys-
tems is also carried out by Qiu .

2. Jury Table and Orthonormal
Functions

Consider a stable polynomial
a(z) = apz™ + @12 4 - + an,

where a; € R and ag > 0. It is said to be stable if all of
its roots are inside the unit disk.

Construct the Jury table ® as in Table 1. In the
Jury table, the first row is copied from the coeflicients
of the polynomial,

Too = dg, Tor = @1, .-, Ton = Gn. (1)
The row 7y, i =10,--- ,n—1, is obtained by writing the
elements of the preceding row in the reverse order. The
row riy1, 1 = 0,--+,n — 1, is computed from its two
preceding rows r;—1 and r}_, as

1 Tig Ti(n—1)
- 2
Fli+1)j Tio | Titn—i-) Tio ’ ( )

fori=0,...,n—-1, j=0,...,n—7— 1.
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Table 1: Jury Table

To Tog To1 Ton-1) Ton
T3 Ton  To(n-1) - To1 Tan
T1 10 711 T1(n-1)

*

Ti(n-1) Tin-2) " 710

Tn-1 | (r—-1)0  T(n-1)1

o 1 | Flrm1)1  Ten—1)a
Tn Tno

The Jury stability criterion states that a(z) is stable
if and only if rig >0 foralli=1,...,n.

Consider the set of strictly proper rational functions
with denominator a(z)

A = {%, deg bz} < deg a(z)} . (3)
Clearly, X, is an n-dimensional subspace of RH;. In
applications, as evidenced later in this paper, it is de-
sirable to find a basis, or better an orthonormal basis
of X,.

The Jury table can be used to construct such an or-
thonormal basis of X,, see ¥, ¥ and ™. Recall the
Jury table of a(2} and for the rows ry, 1 = 1,2,...,n,
define polynomials

r{z) = P02 2 Ti{n-1) (4)

Ta—1{2) = r(n-1j0% + T(n-1n

Tn(z) = Tno.

Since a(z) is stable, rjo > 0, fori=1,2,...,n. We can
define
=2 i-6,1,2,...,m
70
ri(2)

Theorem 1 The functions Ey(2) = oy i =

a(z)’

1,2,...,n, form orthonormal basis of X,.
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3. Hankel Operator and Com-
pressed Hankel Matrix

Hankel operators find various applications in engineer-
ing problems such as in model reduction and optimal
control. The computation of the Hankel singular val-
ues and Schmidt pairs is the key for these applications
and is studied in 1, 9 and 7. Let P, : £2 — Hs and
P : £3 — He denote the orthogonal projections such
that

P ( 5 f(k)z"‘) IR

k=—oa
<] -1
P_( > f(k)z"‘) = > flk)*
k=-o00 k=—00

Let J : £y — Lo denote the reversal operator and
S : Lo — L, denote the backward shift operator such
that

JF{z) = F(z™1), 8F(z) = 2F(z2).

Definition Given o stable system with strictly proper
transfer function G(z), the associated Hankel operator
Tg: Hy — Hz is defined by

TeU(z) = PH{G(2)U(2)), Ulz) € HE.

It is well-known that I'g is a finite rank operator when
G{z) is rational.

b
Lemma 1 7 Let G(z) = a_(z_) be a strictly proper
stable transfer function. Then
Im T = §X,, (Ker Tg)" = JX,.

The Hankel operator I'; is the orthogonal direct sum
of a zero operator and a compression of I'g mapping
JA&, into SX;. Everything interesting about it is con-
tained in the compression.

This compressed Hankel operator can be represented
by a matrix if we choose a basis in (KerHg)™" and & ba-
sis in ImHg. Note that both (KerHg)" and ImHg are
isomorphic to /X,. Hence we can use the orthonormal
basis of A,

Elz) = [ Ei(z) Ea(2) En(2) |

defined in Theorem 1 to form an orthonormal basis in
(KerHg)*

and one in ImHg

zE(z) = [ zEi(2) 2Ea(z) zEa(2) |-

We call the matrix representation under this basis Com-
pressed Hankel Matriz and denote it by Hg. The sin-
gular values of Hg are the Hankel singular values of
((z) and are denoted by oy, o2, ..., o,. We assume
that o1 > 69 2 .-+ > g,. The largest singular value is
the Hankel norm of G(z) and is denoted by ||G(2)| #-
Let (u;,%;) be a left and right singular vectors of Hg
corresponding to ¢; and let

Ui(z) = BE(z" YD, Vilz) = zE(2)v;.

Then (U;(z), Vi(z)) is a Schmidt pair of I'g correspond-
ing to o;.
‘We are interested in computing the Hankel singular

values and Schmidt pairs of ['g, the key is to find Hg
from G(z) = %. The following result can be found

in 17,

Theorem 2 Construct the Jury table of a(z). Define
matriz A as in (7) and M as:

Q1710 0 voo 0
ar g7y
M= 1711 2720
0
X1T1n-1) Q27T2n-2) ‘' OCnTno

where by = 2= i =0,1,...,n. Then

He=a"(A)7WAM | : - | M (5
1 0
The adjoint Hankel operator I'y, : Hy — H3 is given by
TeU(z) = PL(G(z7")U(2)}, Ulz) € Ha

and
ImT% = JX,, (Kerl't)™ = 8X,.

Corollary 1 The adjoint Hankel operator T, satisfies

E(z ) =] Fa(z7"}) Ea(z7") E, (27"} ] % = SJTeSJ. (6)
—koky oy [y 0 0
—kokza‘lfaz —kl kz 0 0
A= : : (7
—kokn—101/an_1  —k1kn_100/0n_ —kn—2kn_1 Gn_1/0n

‘kﬂknal/a’n _klkna2/an _kn—2kna’n—l/an *kn—lkn
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Remark 1 : Corollary 1 implies that the compressed
matrix representation of I'y; is also Hg. By definition,
the matrix representation of T}, is Hf,. Hence H¢ must
be symmetric and

Ui(z) = £2Vi(271) = +8JV;(2). (8)

This fact may offer some simplification in the computa-
tion.

4. Solution to Nehari Problem

In this section, we apply the materials in the last
section to the solutions of the optimal and suboptimal
Nehari problem. The Nehari problem ¥ plays an
important role in robust and optimal control, it is an
approximation problem with respect to the £, norm:

Given a stable strictly proper system G(z) = Z—((Z_))’
2

find Q(z) € Heo to minimize {|G(z71) — Q(z}||co- The

following theorem is well-known Y, see also 7/,

Theorem 3 Let (Ui(z),Vi(2)) be the Schmidt
pair of Ha corresponding to the largest Hankel singular
value oy. Then

Q(gléglim 1G(z™Y) = Q2o = a1,

and the unique minimizing Q(z) is given by

Vi(z™h)
Ui(z"1)

Q) =G ) - o

Since the Hankel singular values and Schmidt pairs can
be obtained using the orthonormal basis constructed
from the Jury table, a computational method for solving
the Nehari problem is thus obtained.

The suboptimal Nehari problem is to characterize all
Q(2) € Hoo such that ||G(z™") - Q(2)]lec < ¥ with
(G{z)\ g <. Ttis studied in ), 3 and ®, the methods
in these papers are all related to the state space sys-
tem theory. Our approach to the solution will be based
on the orthonormal basis and the compressed Hankel
matrix He in Theorem 2.

We also define the entropy of F{z) as

2 T
qua]=-%; In[l — y~2F{e™) F(ei)]dw.

il

Given a strictly proper transfer function G(z) =

b{z)

——, we can expand G(z) as

a{z)
Gz} = BE1(2) +... + BuEn(2) = E(2)B, (9)

where E{z) = [ Ei(z) E:(2) E.(z) | are the
orthonormal functions constructed from Jury table.
Finding §;,4 = 1,...,n, is simple. One only need
to compare the coefficients in (9) and solve a set of
linear equations. It turns out that these equations have
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special structure and we can obtain the orthonormal
basis and these coefficients 3; simultaneously by using
the augmented Jury table, see details in 7.

Theorem 4 Let G(z) = 2(—?- € Heo be rational, strictly

proper and ||G(2)| g < 7. Erpand G(z) as

G(z) = E(2)8

and let
a=1f1+ (2 - HE)p (10)
X(z) = vE(z)(*I - HE) "B/ (1)

Y(2) = L+ 2B(2)Ho(v'] — HE) ' fl/e. (12)
(1) Define

_ [ Vulz) Vial(2)
V@‘[ww)wwd’ (3)

where

Vi{z) =Y (¢71) = v G(z1) X ()

‘/12(2) - X(z—l) - ’Y—IG(Z_I)Y(Z) (14)
Vm(z) = X(z)

Vaa(2) = Y (2).

Then the set of all Q(z) such that |G(z71) = Q(2)]jee <
v is given by

{Q(2) = —vL[V(2), R(z)] : R(2) € Hoo, | R(2}llec < 1},

where
 Vu{2)R(z) + Vi2(2)
LV (z), R(z)] = Vol (DR(2) + Vo (2)
{2) Define
P P,
Py = [ B9 Pl ]

_1 U 1

CY(2) [ 1 -X(2) ] ’ (1%)
with

U = X -G (R (18)

Then the set of all Q{z) such that |G{z71) — Q(2)] = <
v i8 given by

{Q(2) = —vFIP(2), B(z)], R(z) € Hea, [|R(2)]lc < 1}
where

F[P(z), R(2)]

= P11(2) + Pra{2}R(2)(I — Paa{2)R(2)) "  Po1(2).
{3) By setting R(z) = 0, the central Q(z) satisfying
IG(z™) — Q(2)leo < v which minimizes T[G(271) —
Q(2)] is given by

Q(z) = —7Vi2(2)Vaz ' (2) = —yP1u1(2)
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and P 5. Robust Stabilization
-1y _ _ F
Glz™) - Q) = Y(z) ° In this section, we will study a typical robust stabiliza-
Example 1 tion problem ¥, 14), In this problem, we design 3 con-
For troller K, for a given plant P, such that the following
b(z) V22 + 0.5 quantity is maximized.

G(2)

we wish to find all @(z) €
Qoo < 7y with ¥ =8.
Construct the Jury table,

a(z) 22+ /22405

-1

bpx = H[ II( ](I+PK)‘1[ I Pj

‘Hoo such that ||G(z7E) —

o0

we can get This quantity gives a measure of the robustness of the

feedback system under the gap metric or v-gap metric

ag=1, a1 = __3.’ az =2v3 uncertainty. Hence the robust stabilization problem is
3 a special discrete-time H,, optimal control problem.
2v/2
fo =05 b= =g ka1 wt N & Jaeromis e
\/5/2 N \/3/3 \/§/6 K stabilizing oo
2z ¥
Biz) = 224 /2405 Ep(2) = 242405 We are interested in finding suboptimal controllers.
— Let us first recall the Youla parameterization of all
P 26 53 G stabilizing controllers. For a proper system P(z) =
a [ 3 3 ] ' i—%‘% where a(z) and b(z) are coprime polynomials with
Hence, degree n. We first find the spectral factor d(z) such that
A -? % ﬁ 0 Maz)a(z™h) + b(2)b(z ")) = 2 d(2)d(z ™).
= , M=
2 _% v6 1 Then, we solve the following Doiphantine equation
6 3 3 VI2
_ 2
and a(z)z(z) + bl2)y(2) = d°(2).
- Define
Hg = 1.8856 3.3333 .01 = 6.2925.
—3.3333 3772 a(z) b(z)
M(z)=-—, N(z)=
Now let d(z) d(z)
0.43z + 0.2 7 = &) ooy 2@
XO =2 Feros MO dey YO ey
Y(z) = 1.22% +1.372 4 0.42 Then the set of all controller K (2) that internally sta-
22+ 22+ 0.5 bilize P(z) is given by
We can get ..
e K(Z} — -ni-[(z) — M(Z)Q(Z) (18)
V(z) N(z} + N(2)Q(z)
2 2
0'832 +‘}._50z +0.60 02;242 ‘/j- Bl for Q(z) € RHuo. Apply the parameterized controller
- 2%+ V22 +03 2°+v22+05 to the above Hy, problem, we can get
0.43z + 0.20 1.2022 + 1.37z +0.42
22+ /22405 224 /22405 HI‘L]UJFPK)-I[I P]“
o0
P(2) z(2)b(z"") —y(z)a(z™h)
_ = +Q(2)
0.242 4 0.14z 2+ 32+ 05 dz)d(=")
1.202% + 1.37z + 0.42 1.202% + 1.372 + 0.42 o
24+ VI 05 0.432 4 0.20 _ ‘y(z)a(zkl)*z(z)b(z_l) _Q(z)“ +1
120:2+ 137z + 042 1.202% + 1.37z + 0.42 d(2)d(z~1) o

By setting R(z) = 0, the unique Q{z) satisfying
1G(z™Y) — Q(2)[|lc < 8 which minimizes Z[G(z™1) —

Q{z)] is given by

0.2422 + 0.14z

Q)| +1

oo

for some polynomial w{z) that satisfies

Q) = -8

1.2022 4 1.372 + 0.42°

2y(2)a(z77) — 2(2)b(z )] = 2"d(2)w(z7Y). (19)
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Let G(z) = T;)L:), the original robust stabilization prob- is given by

lem reduce to find Q{z) € RHo to minimize

6™ - Q@) -

0.1336z2 29427 +0.4009

Q) =15+ == +0.2673  1.8712% +0.2673

20
L 20) The central controller K is given by
et

G(z) = Go(2) + G(o0) 1.5(1.87122 4+ 0.2673) — (2% + 1)(2.9422 + 0.4009)

where Gs(z) is a strictly proper transfer function. Also K (427 — 2)(1.87122 +0.2673) -+ 1.5(2.942% + 0.4009)
let @1(z) = Q(z) — G(c0), then equation (20) becomes _ —2.942*
i T 7.848z4 1 1.737z22
flas(z"h - @), 22
T 25522+ 059

which is a Nehari problem solved in Section 4.

Example 2 Consider 6. Conclusion

1.5

- Compressed Hankel matrix is given by using orthonor-
2241

mal rational functions constructed from the Jury table.
The solutions to the optimal and suboptimal Nehari
problems via the compressed Hankel matrix are also
given. Robust stabilization problem is reduced to the
Nehari problem, so it can also be solved via Jury table.

Pz} =

We wish to find the the suboptimal controller & (s).
Step 1: (Spectral factorization) From

(2% + (2% + 1) + 1.5%2% = 2%d(2)d(z "),

we cah get
d(z) = 22° +0.5.

Step 2 (Diophantion equation) From

(2% + Dz(2) + 1.5y(z) = (222 + 0.5)%,
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